附录 A 部分习题答案 

第1章 

1 . 67 600 000; 19 656 000 2 . 1296 4 . 24; 4 5 . 144; 18 6 . 2401 7 . 720; 72; 144; 

72 8 . 120; 1260; 34 650 9 . 27 720 10 . 40 320; 10 080; 1152; 2880; 384 11 . 720; 72; 
144 12 . 24 300 000; 17 100 720 13 . 190 14 . 2 598 960 16 . 42; 94 17 . 604 800 
18 . 600 19 . 896; 1000; 910 20 . 36; 26 21 . 35 22 . 18 24 . 48 25 . 52!/(13!) 4 
27 . 27 720 28 . 65 536; 2520 29 . 12 600; 945 30 . 564 480 31 . 165; 35 32 . 1287; 
14 112 33 . 220; 572 

第2章 

9 . 74 10 . 0.4; 0.1 11 . 70; 2 12 . 0.5; 0.32; 149/198 13 . 20 000; 12 000; 11 000; 68 000; 

10 000 14 . 1.057 15 . 0.0020; 0.4226; 0.0475; 0.0211; 0.000 24 17 . 9.109 47 X 1(T 6 

18 . 0.048; 19 . 5/18 20 . 0.9052 22 . (n + l)/2 n 23 . 5/12 25 . 0.4 26 . 0.492 929 
27 . 0.0888; 0.2477; 0.1243; 0.2099 30 . 1/18; 1/6; 1/2 31 . 2/9; 1/9 33 . 70/323 36 . 

0.0045; 0.0588 37 . 0.0833; 0.5 38 . 4 39 . 0.48 40 . 1/64; 21/64; 36/64; 6/64 41 . 

0.5177 44 . 0.3; 0.2; 0.1 46 . 5 48 . 1.0604 x 10 -3 49 . 0.4329 50 . 2.6084 x 10 -6 

52 . 0.091 45; 0.4268 53 . 12/35 54 . 0.0511 55 . 0.2198; 0.0343 

第 3 章 

1 . 1/3 2 . 1/6; 1/5; 1/4; 1/3; 1/2; 1 3 . 0.339 5 . 6/91 6 . 1/2 7 . 2/3 8 . 1/2 

9 . 7/11 10 . 0.22 11 . 1/17; 1/33 12 . 0.504; 0.3629 14 . 35/768; 210/768 15 . 

0.4848 16 . 0.9835 17 . 0.0792; 0.264 18 . 0.331; 0.383; 0.286; 48.62 19 . 44.29; 41.18 

20 . 0.4; 1/26 21 . 0.496; 3/14; 9/62 22 . 5/9; 1/6; 5/54 23 . 4/9; 1/2 24 . 1/3; 1/2 

26 . 20/21; 40/41 28 . 3/128; 29/1536 29 . 0.0893 30 . 7/12; 3/5 33 . 0.76, 49/76 

34 . 27/31 35 . 0.62, 10/19 36 . 1/2 37 . 1/3; 1/5; 1 38 . 12/37 39 . 46/185 40 . 
3/13; 5/13; 5/52; 15/52 41 . 43/459 42 . 34.48 43 . 4/9 45 . 1/11 48 . 2/3 50 . 
17.5; 38/165; 17/33 51 . 0.65; 56 / 65 ; 8/65; 1/65; 14/35; 12/35; 9/35 52 . 0.11; 16/89; 

12/27; 3/5; 9/25 55 . 9 57 . (c) 2/3 60 . 2/3; 1/3; 3/4 61 . 1/6; 3/20 65 . 9/13; 

1/2 69 . 9; 9; 18; 110; 4; 4; 8; 120 所有被 128 除 70 . 1/9; 1/18 71 . 38/64; 13/64; 13/64 

73 . 1/16; 1/32; 5/16; 1/4; 31/32 74.9/19 75 . 3/4; 7/12 78 . p 2 /(l - 2p + 2/) 79 . 
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0.5550 81. 0.9530 83. 0.5; 0.6; 0.8 84. 9/19; 6/19; 4/19; 7/15; 53/165; 7/33 89. 

97/142; 15/26; 33/102 

第4章 

1. p(4) = 6/91; p(2) = 8/91; p(l) = 32/91; p(0) = 1/91; p(-l) = 16/91; p(-2) = 28/91 

4. 1/2; 5/18; 5/36; 5/84; 5/252; 1/252; 0; 0; 0; 0 5. n - 2i; i = 0, ■ ■ ■ ,n 6. p(3)= 

p(-3) = 1/8; p(l) = p(-l) ^ 3/8 12. p(4) * 1/16; p(3) = 1/8; p(2) -1/16; p(0) = 1/2; 

p(-i) = p(i); p(0) = 1 13. p(0) =* 0.28; p(500) = 0.27; p(1000) = 0.315; p(1500) = 0.09; 

p(2000) = 0.045 14. p(0) = 1/2; p(l) = 1/6; p(2) «1/12; p(3) = 1/20; p(4) » 1/5 17. 

1/4; 1/6; 1/12; 1/2 19. 1/2; 1/10; 1/5; 1/10; 1/10 20. 0.5918; 否； -0.108 21. 39.28; 

37 24. p = 11/18; 最大值 = 23/72 25. 0.46, 1.3 26. 11/2; 17/5 27. ,4/0 + 1/10) 

28. 3/5 31. p* 32. 11 - 10 X (0.9) 10 33. 3 35. -0.067; 1.089 37. 82.2; 
84.5 39. 3/8 40. 11/243 42. p > 1/2 45. 3 50. 1/10; 1/10 51. e -0 2 ; 
1 - 1.2e -0 - 2 53. 1 - e -0 6 ; 1 - e -219 18 56. 253 57. 0.5768; 0.6070 59. 0.3935; 

0.3033; 0.0902 60. 0.8886 61. 0.4082 63. 0.0821; 0.2424 65. 0.3935; 0.2293; 0.3935 

66. 2/(2n + l); 2/(2n - 2); e -1 67. 2/n; (2n - 3)/(n - l) 2 ; e— 2 68. (1- e— 5 ) 80 TO. 

p + (1 - p)e~ xt 71. 0.1500; 0.1012 73. 5.8125 74. 32/243; 4864/6561; 160/729; 

160/729 78. 18 X (17)™ - V(35 广 81. 3/10; 5/6; 75/138 82. 0.3439 83. 1.5 

第 5 章 

2. 3.5e _6/2 3 • 否； 否 4. 1/2 5. 1 - (0.01) 1/B 6. 4; 0; oo 7. 3/5; 6/5 8. 2 

10. 2/3; 2/3 11. 2/5 13. 2/3; 1/3 15. 0.7977; 0.6827; 0.3695; 0.9522; 0.1587 16. 
(0.9938) 10 18. 22.66 19. (c)l/2; (d)l/4 20. 0.9994; 0.75; 0.977 22. 9.5; 0.0019 

23. 0.9258; 0.1762 26. 0.0606; 0.0525 28. 0.8363 29. 0.9993 32. e _1 ; e _1/2 34. 

e -1 ; 1/3 38. 3/5 40. 1/y 


第 6 章 

2. (a) 14/39; 10/39; 10/39; 5/39 (b)84/429; 70/429; 70/429; 70/429; 40/429; 40/429; 40/429; 
15/429 3. 15/26; 5/26; 5/26; 1/26 4. 25/169; 40/169; 40/169; 64/169 7. p(i,§ 言 

p 2 (l-p) i+j 8. c= 1/8; E[X\ =0 9. (12a: 2 +6x)/7; 15/56; 0.8625; 5/7; 8/7 10. 1/2; 
l-e- a 11. 0.1458 12. 39.3e _s 13. 1/6; 1/2 15. ji/4 16. n(l/2) n 一 1 17. 1/3 
18. 7/9 19. 1/2 21. 2/5; 2/5 22 •否； 1/3 23. 1/2; 2/3; 1/20; 1/18 25. e _1 /i! 
28. l/2e _t ; 1 - 3e -2 29. 0.0326 30. 0.3372; 0.2061 31. 0.0829; 0.3766 32. e -2 ; 
1 - 3e~ 2 35. 5/13; 8/13 36. 1/6; 5/6; 1/4; 3/4 41. {y + l) 2 xe~ x ^ +1) -, xe~ xy -, e~ x 

42. l/2 + 32//(4a:)-2/ 3 /( 4 ^ 3 ) 46. (l-2d/L) 3 47. 0.79297 48. l- e - SAa ; (l-e~ Aa ) 6 

52. r/jt 53. r 56. (a) u/(w + l) 2 




第 7 章 
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1. 52.5/12 2. 324; 199.6 3. 1/2; 1/4; 0 4. 1/6; 1/4; 1/2 5. 3/2 6. 35 7. 0.9; 

4.9; 4.2 8. {l-{l-p) N )/p 10. 0.6; 0 11. 2(n-l)p(l-p) 12. (3n 2 -n)/(4n-2); 

3n 2 /(4n —2) 14. m/(l-p) 15.1/2 18. 4 21. 0.9301; 87.5755 22.14.7 23. 
147/110 26. n/(n + 1); l/(n + 1) 29. 437/35; 12; 4; 123/35 31. 175/6 33. 14 
34. 20/19; 360/361 35. 21.2; 18.929; 49.214 36. -n/36 37. 0 38. 1/8 41. 6; 

112/33 42. 100/19; 16 200/6137; 10/19; 3240/6137 45. 1/2; 0 47. l/(n - 1) 48. 
6; 7; 5.8192 49.6.06 50. 2y 2 51. j/ 3 /4 53. 12 54.8 56. iV(l-e _10/JV ) 57. 
12.5 63. -96/145 65. 5.16 66. 218 67. x[l + (2p - l) 2 ]™ 69. 1/2; 1/16; 2/81 

TO . 1/2; 1/3 72. 1/i; 轉 + 1)]， 1 ; oo 73. / i ； 1 + ct 2 ; 是； cr 2 79. 0.176; 0.141 

第 8 章 

1 •彡 19/20 2. 15/17; > 3/4; ^ 10 3. ^ 3 4 •彡 4/3; 0.8428 5. 0.1416 6. 0.9431 

7. 0.3085 8. 0.6932 9. (327) 2 10. 117 11. ^ 0.057 13. 0.0162; 0.0003; 0.2514; 
0.2514 14. n ^ 23 16. 0.013; 0.018; 0.691 18. ^ 0.2 23. 0.769; 0.357; 0.4267; 
0.1093; 0.112 184 

第 9 章 

1. 1/9; 5/9 3. 0.9735; 0.9098; 0.7358; 0.5578 10. (b)l/6 14. 2.585; 0.5417; 3.1267 

15. 5.5098 
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第1章 

1. (a) C,D，E，F 这 4 个字母共有4!种不同的排序方法.对于每一种这样的排列，可将 A，B 

放在5个位置.即可把它们放在 C，D，E，F 字母的前面，或放在第2个位置，等等.但 
A.B 本身又可以以 AB 或 BA 的方式嵌入这5个位置，因此,一共有 2x5x41 = 240 
种方法.另一种方法是想象 B 是粘在 A 的后面，这样一共有5!种方法，但也有可以 
B 粘在 A 的前面,这样也有5!种方法，故一共有 2x5! = 240种方法. 

(b) 6个字母一共有 6 ! = 7M 种排列方式，其中有一半 A 在 B 前，一半 A 在 B 后，因 
此， A 在 B 之前的排列共有 720/2 = 360 种. 

(c) 由于 A, B，C 三个字母的排列共有 6 种，因此，在7 2 0种全部排列中，有720/6 = 120 
种排列为 ABC 这种顺序. 

(d) A 在 B 之前的排列共有 6 !/ 2 = 36 0种,其中一半是 C 在 D 之前. 因此， A 在 B 前， 
C 在 D 前的排列共有180种. 

(e) 若将 B 粘于 A 的后面， C 粘于 D 的后面，这样共有4! = 24种方法.但由于 A，B 
的位置可以颠倒过来，即 A 可以粘于 B 的后面，类似, D 可粘于 C 的后面.一共有 
4种不同情况，因此，共有4 X 24 = 96种排列. 

(f) E 在最后共有5!种排列，因此，它不在最后共有6! - 5! = 600种排列. 

2. 由于3个国家有3!种次序.而每个国家的人也有一个排序问题，因此，一共有3!4!3!3!种 
排序法. 

3. (a) 10 X 9 X 8 = 720 

(b) 8x7x6 + 2x3x8x7 = 672 

若 A, B 都不入选，则共有 8x7x6 种选法.若只选 A ，没有 B ，则有3 X 8 X 7种 
选法.故， A，B 中只有一人入选，一共有2 X 3 X 8 X 7种选法. 

(c) 8x7x6 + 3x2x8 = 384 

(d) 3x9x8 = 216 

(e) 9x8x7 + 9x8 = 576 

W ) ( b )©©+©©+®® 

5 - ( 3 , 2 , 2 )= 210 

6. 一共有 ([) =35 种位置的选择，每种选择可做成 (26) 3 (10) 4 种牌子.因此，总共可做成 
35 X (26) 3 (10) 4 种不同的牌子 • 

7. n 个中选 r 个等价于 n 个中剔除 （n _ r) 个.因此，等式两边经过计算是相等的. 

8. (a) 10 x 9 x 9…9 = 10 x 9 n_1 
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( b ) 一共有0种位置选择，这种位置上放上0,而其余 n - i 个位置上可以 

任意放 1,2,••- ,9. 

9 .( a )(?) ( b ) 3 © ( C ) 

⑷ n 3 ( e ) ⑺ = 3 g ) + 3 n 2 (n — 1) + n 3 

10. 一共有 9 x 8 x 7 x 6 x 5 个数，其中没有两个数字是相同的.若容许某一指定数可重 
复一次，则共有(^) X 8 X 7 X 6个数，因此，只容许有一个数可重复出现两次的一共 

有9 x x 8 x 7 x 6个数.若在5位数中有两个数可重复，对于确定的两个数，一共 

有 7 x ^个数.这样，一共有 Qrx ^ 个数，其中有两个数字重复一次.这样，总共 
9 x 8 x 7 x 6 x 5 + 9 x ② x 8 x 7 x 6+ Qrx ^ 

个5位数. 

11. ( a ) 我们可以将这个问题看成一个7阶段的试验.首先从10对夫妇中选择6对夫妇，这 

种选择的方法共有种方法.然后在选出的6对夫妇中的每一对选出1人，这 

样一共选出6人.根据推广的计数法则可知，一共有种不同的选择方法. 

( b ) 首先从10对夫妻中选出6对夫妻，这种选法一共有(^ 0 ) #. 然后，从中选择3对 

夫妻，这3对夫妻中的男人就是选中的人员，这种选法一共有种选法.依据计 
数法则可知，一共有^种选择方法.另一种方法是，先从10个男 
人中选出3个男人，然后从与这些男人无关的女人中选出3个女人.这样一共有 

Or。) Q = ^ [种 选择施 

®Q+G)GH 430 

上式左边第一项给出由3个女的和3个男的组成一个委员会的可能组成方式.第二项是 
由4个女的和2个男的组成委员会的可能组成方式. 

13. ( K1 +. . -+X5 = 4的解的组数 )(》:+• • .+*6 = 5的解的组数)(》 1 +. • -+ a ：5 = 6的解的组数）= 

TOO 

14. 总和为 j 的正向量共有 O ') 个， 因此,一共有 Ej =n ( iZ \) 个这样的向量. 

15. 先假定有 A ; 个学生通过了考试,这样可有组.由于每个组内各人成绩还有顺序，因此， 

由 fc 个学生通过考试时，一共有 C ：>! 种可能性.显然，总起来有 ELo 0^!种可能的 
结果. 
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ie •由4个数组成的集合个数为 ( 2 4 Q ) = 4845. 其中不含前 5 个数的子集为 (7) = 1365. 
它的反面，即至少含有 {1,2, ••- ,5} 中一个数的组数有4845 - 1365 = 3480 个. 另一种 

计算方 法是匕 (3 (4 1 二). 

17. 两边乘以2,得 


n{n — 1) = k(k — 1) + 2 k(n — k ) + (n — k)(n — k — V ) 
上式右边经过整理得 


(1 — 2 - f - 1) - (- — 1 + — Tl — 71 + 1) + ti(ti — 1) 

作为组合解释，可考虑 n 个学生中，有 fc 个女生.从 n 个学生中找出2个代表，一共有 
g ) 种 方法. 若两个代表全由女生组成的话，一共有 © 种组成方式.若由一男一女组 

成的话，一共有 k(n - k ) 种组成方法.若全由男生组成一共有 [ n ~ k ) 种方法.将这些 
组合方法加起来，就是 . 

18. 有3种方法可从单亲且有一个孩子的家庭中 选择； 有3 x 1 x 2 s 6种方法可从单亲且 
有二个孩子的家庭中 选择； 有5 X 2 X 1 = 10种方法可从有独生子的双亲家庭中 选择； 有 
7 x 2 x 2 = 28 种方法可从有二个孩子的双亲家庭中 选择； 有6 X 2 X 3 = 36种方法可从 
有三个孩子的双亲家庭中选择.总起来，一共有80种可能的选择方法. 

19. 首先选定三个位置放置数字，然后在相应的位置中放置数字或字母.这样一共有 X 
26 X 25 X 24 x 23 X 22 X 10 X 9 X 8块牌子.如果三个数字必须放在连续的位置上，数字 
的位置只有6种可能，这样一共可有6 X 26 X 25 X 24 X 23 X 22 X 10 X 9 X 8块牌子. 

第2章 

1. ( a ) 2 X 3 X 4 = 24 ( b ) 2 x 3 = 6 ( c ) 3 x 4 = 12 

( d ) = {( c ， 面， i )，( c ， 米饭, i )，( c ， 土豆, i )} ( e ) 8 ( f ) ABC = {( c , 

2 . 记 A 为“买一套西服”， B 为“买一件衬衫”， C 1 为“买一条领带”，则 

P{A U B U C ) = 0.22 + 0.30 + 0.28 - 0.11 - 0.14 - 0.10 + 0.06 s 0.51 

( a ) 1 - 0.51 = 0.49 

( b ) 买两样以上的概率为 

P(AB UACU BO ) ~ 0.11 + 0.14 + 0.10- 0.06 — 0.06 — 0.06 + 0.06 = 0.23 

因此，正好买一样东西的概率为 0.51 - 0.23 = 0.28. 

3. 根据对称性，第14张牌可以是52张牌中的任意一张，因此相关概率为 4/52. 更形式的 
说法是： 52!个结果中，第14张牌为 “ A ” (指红桃 “ A ” ， 或方块 “ A ” ，…）的概率为 

_ 4 x 51 x 50.-.2 x 1 4 

P= (52)! = 52 
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记事件 A 为“第1张 ‘A’ 出现在第14张牌”，我们有 


48 x 47...36 x4 
v ; _ 52 x 51 x …40 x 39 


= 0.0312 


4.记 D 为事件“最小温度为 70° C ” . 则 


P(A UB ) = P ( A ) + P ( B )~ P ( AB ) = 0.7 - P ( AB ) 

P(C UD ) = P ( C ) + P { D )~ P ( CD ) = 0.2 + P ( D )~ P ( DC ) 


利用事实， A\JB = C \ JD,AB = CD , 将上述两式相 减得: 

0 = 0.5 - P ( D ) 


或 P ( D ) = 0.5. 


5. 


⑷ 


52 x 48 x 44 x 40 
52 x 51 x 50 x 49 


= 0.6761 (b) 


52 x 39 x 26 x 13 
52 x 51 x 50 x 49 


= 0.1055 


6 .记 丑为 “两球均为红球”的事件， B 为“两球均为黑球”的事件，则 


P(R UB ) = P ( R ) + P { B ) = |^ + 


3x6 
6 x 10 


2 


r . ( a ) l /( 4 8 °)= 1.3 X 10- ( b ) ©( f )/© =3.3 X 10- 

( c ) (D (D / (D+ 1-3 x 10-8 + 3 . 3 x 10-6 = 18 x io ~ 4 

8 - (a) 3X4 ^ 4X3 ^e.l439 (b) ©©/(^ -D.0360 (c) Q/ff) = 

(4) 

9 •令 S = U"=i Ai , 考虑随机地从 S 种选一元素，则 P ( A ) = N ( A )/ N ( S ), 有关结果可从命 
题 4.3 和 4.4 得到. 

10•当1号马的名次确定的情况下，一共有5! = lM 种可能 排名. 因此, N ( A ) = 360,类似 
地， N [ B ) = 120, N ( AB ) = 2 X 4! = 48.由自检习题9,我们得 N{A U S ) = 432. 

11. 一种办法是先计算它的补 事件： 至少有一种花色在这一副牌中不出现 .记土 表示“牌中 
没有花色 i ”， i = l ，2,3,4 .则 

4 

p( u Ai ) = E 户⑷ -m P{AiAi!^ ■■■-PiA^AsA^) 

i=l i j i ： i<j 

= ^)/ff)-(3( 2 5 6 )/( 5 5)^3)(5 3 )/( 5 5 2 ) 

=<?)/(?)-<?)/(?) 


用 1 减去上述概率值就是所求事件的概率.也可以从另一角度来解这个问题.记4为 
“一副牌中4种花色都出现”的事件，利用等式 


P ( A ) — P ( n , n , n , n , o ) + P ( n , n , n , o , n ) + P ( n , n , o , n , n ) + P ( n , o , n , n , n ) 
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式中 P ( n , n , n ， 0 ， n ) 表示第1张为新花色，第2、3张都为新花色，第4张为老花色（即第 
4张花色为之前出现过的花色)，第5张为新花色.这样 

, .. 52 X 39 X 26 X 13 X 48 + 52 x 39 X 26 X 36 X 13 

() = 52 x 51 x 50 x 49 x 48 

, 52 x 39 x 24 x 26 x 13 + 52 x 12 x 39 x 26 x 13 
+ 52 x 51 x 50 x 49 x 48 

52 X 39 X 26 X 13 X (48 + 36 + 24 + 12) n 

~ 52 x 51 X 50 X 49 x 48 ' 

12. 一共有(10)!/2 5 种分配方法，将5对分配到5间房.例如某两个人分配在第一间房，又 
两个人分配在第二间房，等等.如果不计房间次序，那么应该有(10)!/(5!2 5 )种分配方案. 
一共有 ( 2 )( 2 ) 种方法从前后卫中各选出两个人来组成前后卫组合.但是将这 4 个人分成 
对的时候又有两种方式，至于剩下的2个后卫，只能分成一个组了.剩下的4个前卫有3 
种方式分成2对(3 ^4!/(2!2 2 )),这样， 

刚好有两个房间是一个前卫和一个后卫混住的 } = g 思二; 3 : s 0.5714 

13 . 用丑 表示“两次均选上字母 R ”的事件,对于事件丑和 V 之定义是类似的.则 

两次选上同一字母 } » P ( R ) + P ( E ) + P ( V ) =季><1 + 學 x i + . x * = - 

14. 记历=也，氏= Ai ( U^li A) C , i > 1，贝 1 J 

p ( u ^)=^( u^=E p ⑷ 

\ i=i / \ i=i / i=i i=i 

此处最后一个等式利用互不相容，而不等式利用了 C 

15. 


p (n^) si - p ((n ^) c )— p ( Ci a) > 1 - 

、 i=l / 、 i=l / i=l i=l 

16. 分割中含 {1} 作为子集的，一共有 T fe _!(n - 1) 种分割，其中 T fc _i(n-1) 表示将剩余的 
n - 1个元素饮…， n} 分成 fc - 1非空个子集的方法数_另外，分割中不含{1}，此时, 
“1”必与其他元素在一起.将 {2, • •. , n} 分成个非空子集的分割,一共有 T k (n — 1) 不 
同的分割，将每一种分割的某一集合加上1,就成为{1,2,-.. , n } 的一个分割，而加“1” 
的方式共有 fc 种，因此,不含 {1} 的分割共有 fcTUn- 1) 个，由此得到题中的等式. 

17. 记丑为 “5个取出来的球中没有红球”， W 代表“没有白球”， B 代表“没有蓝球”，则 

P{R U VK U B) = P(R) + P{W) + P{B)- P(RW) - P{RB) - P{WB) + P(RWB) 

= 屢 > (■ + (M - 0/(?)- ©/ft 8 ) - (S/ft 8 ) 

« 0.2933 

这样 ，5 个球出现所有颜色的概率近似地等于 1 _ 0.2933 = 0.7067. 
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18. ( a ) 


8 x 7 x 6 x 5 x 4 


17 x 16 x 15 x 14 x 13 221 

( b ) 由于一共有 9 个球不是蓝色的球，所求的概率为 


9 x 8 x 7 x 6 x 5 


17 x 16 x 15 x 14 x 13 

( c ) 三个不同颜色球的组合一共有 4 x 8 x 5 种方式，而每一种组合又有3!中排列方式. 


这样所求的概率为 


3! x 4 x 8 x 5 


17 X 16 X 15 17 

( d ) 4个红球作为一个集体，它们的位置连在一起的占位方式一共有14种方式，而这 

这样，4个红球排在一起的概率为 


4个球在一个占位方式下又有4!种排列方式. 

14 x 4! 1 

17 x 16 x 15 x 14 = 170' 

19. ( a ) 10张牌中出现4张黑桃、3张红桃、2张方块和一张梅花的概率为 


(m 3 ) 


而这4种花色的角色又可以互相调换，这样概率变成 


24: 


(S) 

(mm 3 ) 




( b ) 先选定两种花色，从这两种花色中选取三张牌，然后在选取一种花色，从这种花色 
中选定4张牌.单就花色的选定方式就有 g ) X 2 = 12种.这样所求的概率为 

^ ( 1 ) ^ . 

红球先拿光的充要条件是蓝球最后拿走.而每个球被最后拿走的概率是相同的.因此，红 
球先拿光的概率为 10/30. 


第3章 


1 -靜有“〜 ( s )/( s ) 

( b ) l — p (没有“， )-4( g )/( g ) 

㈣ 个“， )=® d ) 

2. 令 Li 表示事件“汽车电池寿命超过10000 x I 英里”. 

(a) P{L 2 \Li) = P(LiL 2 )/P(Li) = P(L 2 )/P(Li) = 1/2 

( b ) P(L 3 |Li) = P(LiL 3 )/P(Li) = P(L 3 )/P(Li) = 1/8 

3 . 将 1 个白球和 0 个黑球放在坛子 1, 将 9 个白球和 10 个黑球放在坛子 2. 

4. 记 r 为“转移的球为白球”这一事件， W 表示“从坛子 S 中随机抽取一个白球”，则 


P(T\W) = 


P{W\T)P(T) 

P{W\T)P(T) + P{W\T C )P(T C ) 


2/7 x 2/3 

2/7 x 2/3 + 1/7 x 1/3 


= 4/5 


5•⑷+，因为 r 切个球以完全相同的概率在第以被 抽中. 
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(b)(c) 


P(Rj\Ri) 


P(RiRj) 


Q/cr) 

r/(r 4- w) 


P ( Ri ) 

可用这样的说法 解释： 对于 i 妾 j , 已知第 i 次抽出是红球的情况下，其他 （r + w - 1) 个 
球 

以完全相同的概率在第 j 次被抽出来，而红球个数为 (r - 1). 

6 •用玖 表示“第 i 次抽出的球是黑球”，令苽=塄，则 
P { R 2 \ B l ) P { B 1 ) 


PiB ^} 


P ( R 2 \ B 1 ) P ( B 1 ) + P ^ R ^ PiRx ) 

[ r/(b + r + c )][ b/(b + r)] 


[r/(& + r + o)] ； [S/(d + r)] + [(r + c)/(6 + r + c)] [r/(6 + r)] 
— i/(6 + r + c) 

7 •记 B 为 “两张牌均为 ‘ A ’ ”的事件. 

(a) 


P { B | 肯定其中一张为黑桃 “ A ” } = 


P { B , 肯定其中一张为黑桃 “ A ” } 
P {肯定其中一张为黑桃 “ A ” } 


(S(5 /(；)(?) 

百/百 


( b ) 由于第2张可以是余下51张牌中的任意一张，而且各张牌都是以相同的概率出现， 
因此，其解仍然是 3/51. 

( c ) 由于我们可以交换次序，因此，答案与 （ b ) 是一样的.但也可以由下面形式 推导： 
P { S ， 第二张为 “ A ”} 


⑷ 


_ P { B | 第二张为 “ A ” } * 


第二张为 “ A ” } 


P{B} 


P { B } + P { 第一张不是“ A ” ，第二张是“ A ” } 
(4/52)(3/51) 


(4/52)(3/51) + (48/52)(4/51) 


3/51 


至少有一张为 “ A ” } = P { 至少有一张是 “ a ”} 
= (4/52)(3/51) 

一 1-(48/52)(47/51) _ ’ 

8 . 

P ( H \ E ) _ P ( HE ) P ( H ) P ( E \ H ) 

P ( G \ E ) = P ( GE ) = P ( G ) P ( E \ G ) 

新的证据出现后，丑出现的概率是 G 出现的概率的 1.5 倍. 

9.用 A 表示“植物存活”的事件， W 表示“给植物浇水”的事件. 


















( a ) 
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P { A \ W ) P { W ) + P ( A \ W C ) P ( W C ) 
= (0.85) (0.9) + (0.2) (0.1) = 0.785 


(b) 


10. ( a ) 1 - P (没有红球 )=1 一 


_p = 

( 2 e 2 ) 


P ( A C \ W C ) P ( W C ) 

P{A^ 


(0.8) (0.1) 16 
0.215 = 43 


(f) 


( b ) 若已知红球没有被选中，那么在剩余的22个非红球中的任意6个球具有相同的被选 
中概率.因此 

(D 


P (2 绿 | 没有红球）= 


( 2 a 2 ) 


11•记 W 表示事件“电池工作”，用 (7 和 D 分别表示所用的电池为 C 型和 D 型电池。 

( a ) P { W ) = P ( W \ C ) P ( C ) + P ( W \ D ) P ( D ) m §.7 x (8/14) +0.4 x (6/14) «4/7 

(b) 


P ( C \ W C )= 


P { CW C 


P ( W C \ C ) P ( C ) 

3/7 


0.3 x (8/14) 


P ( W C ) 

12 •记 Li 表示事件 “ Maria 喜欢书 i”，i = 1,2. 于是 


3/7 


P ( L 2 \ Ll ) 

再利用事件 l 2 是两个不相容的事件和 取 2 的和，我们得到 


P ( LjL 2 ) 

P(Lt) 


P ( LIL 2 ) 

0.4 


0.5 = P ( L 2 ) = P { LiL 2 ) + P { L { L 2 ) = 0.4 + P { LlL 2 ) 

这样， 

P ( L 2|-6||*= 0.1/0.4*0.25 

13. ( a ) 这个问题等 价于： 从坛子中最后拿走的球是一个蓝色球.由于这30个球中的任意一 
个球以相同的概率在最后被取走，因此所求的概率为 1/3. 

( b ) 这个问题等 价于： 从坛子中拿完红球或蓝球时，最后拿着的球是一个蓝色球.而这30 
个（红球或蓝球）完全处于相同的可能性.它们中的哪一个最后被拿走的可能性是相 
同的（尽管坛子里还可能剩下若干绿色球没有被拿走 ；). 因此所求的概率仍然是 1/3. 

( c ) 记分别表示，第一次拿走的是蓝色球，第二次拿走的是红色球，第三次拿 
走的是绿色球.我们有 


P ( BiR 2 G 3 ) = P ( G 3 ) P ( R 2 \ G 3 ) P ( B 1 \ R 2 G 3 ) = ^ x ^ = A 

上式中 P ( G 3 ) 是这样计 算的： 事件 g 3 刚好是事件“绿色球最后被拿走"，因此它的 
概率为 8/38. P ( R 2 \ G 3 ) 的计算方法 如下： 已知绿色球最后被拿走的条件下，这20个 
红球和10 个蓝球 中的每一个球都有相同的机会排在这个集合的最后一位被拿走 .因 
此其概率为 20/30. 至于 P ( Bi \ R 2 G 3 ), 显然等于 1. 
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( d ) P ( Si ) = P ( B 1 G 2 R 3 ) + PiB ^ Gz ) = ^ x ^ + 4 = M 
14 •记丑为硬币正面向上的事件 ，几 是事件被告知‘正面向 Jb * (实际上，不一定真实 f , 
F 表示 M 忘记了他所投掷的结果”， C 表示 S 被告知的是真实的情况.这样 
(a) 


P ( T h ) « P ( T h \ F ) P { F ) + P [ T h \ F c ) P ( F c ) 
= 0.5 x 0.4 + P ( H ) x 0.6 
^ 0.68 


(b) 


( c ) 利用公式 

和 


P { C ) = P ( C \ F ) P ( F ) + P { C \ F C ) P { F C ) 
= 0 Jx 0.4 + lx 0.6 
= 0.80 


P ( H \ T h )= 


P { HT h ) 

P { Th ) 


P ( HT h ) * P ( HT h \ F ) P ( F ) + P { HT h \ F c ) P { F c ) 

= P { H \ F ) P [ T h \ HF ) P { F ) + P ( H ) P ( F C ) 
= 0.8 x 0.5 x 0.4 + 0.8 x 0.6 
崔 0.64 


可得 P ( H \ T h ) = 0.64/0.68 = 16/17. 

15 •记 4 为“第一次试验结果大于第二次结果”， S 为“第二次结果大于第一次” ， E 为“两 
次的结果相等”，则1 = P ( A ) + P ( B ) + P ( E ). 由对称性， P ( A ) = P ( B ), 因此， 




1 - P(E) 
2 



此题的另一种解法是 

P ( B ) = ^ ^ P { 第一次结果为 i ， 第二次结果为 ：;'} = Y i T i P ^ 

i j>i i j>i 

由下面的恒等式看出两种方法得到的结果是相 同的： 


i=l j=l i j i i j^i i i j>i 
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16. 记屬 * 比 S 得到更多正面朝上 

= { n 次掷硬币后， A 的正面朝上次数比 B 的正面朝上次数多 
B w = { n 次掷硬币后， B 的正面朝上次数比4的正面朝上次数多}， 

A e = { n 次掷硬币后，犬的正面朝上次数与 B 的正面朝上次数相同则 


P ( E ) « P { E \ A W ) P { A W ) + P ( E \ B W ) P ( B W ) + P ( E \ A e ) P ( A e ) 

=1 x P ( A W ) + 0 x P ( B W ) + ip ( Ae ) = P { A W ) + ip ( Ae ) 

由于 P ( A W ) = P ( B W ). 由等式 1 a P(D +?(〜）+_ P (4 e ) 得 P ( A W ) ® ^ P ( A e ). 

由此可知， 

聯* P ( A W ) + \ p { A b ) = \ p { A a ) + \ p { A e ) = I 

17. ( a ) 不真.在掷两个骰子的游戏中，记 S = { 和为7点 }， F { 第一次掷的结果不是4}， 
G = { 第二次不是 3}. 可以验证，相互独立，五， G 相互独立，但 


P { E \ FViG ) = 


P { 和为7,但没有{ 4 ,3}} 
^ P{S^{4,3}} 


_ 5/36 
= 35/36 


(b) 

P ( E{F U G )) = P ( EF \ JFG ) ^ P ( EF ) + P ( EG ) 因为丑 _FG = 0 

= P { E )[ P ( F ) + P { G )] = P ( E ) P{F U G ) FG = 0 

(c) 


P { G \ EF )= 


P ( EFG ) _ 
P { EF ) = 


P { E ) P ( FG ) 
~ P ( EF )~ 


由于五与 FG 相互独立 


P ( E ) P ( F ) P ( G ) 

P ( E ) P ( F ) 


由独立性假设 


-P(G) 


18. ( a ) 一定不对.若它们互不相容，则0 =尸(45)#尸01)户06). 

( b ) 一定不对_若它们相互独立，则 P { AB ) = P ( A ) x P { B ) > 0. 

( c ) 一定不对_若它们互不相容，则 P ( AUB }« P ( A ) + P ( B )*12. 

( d ) 可能正确. 

19. ( a ), ( b ), ( c ) 三个概率分别为 0.5, (0.8 f = a612； (0.9) 7 « 0.4783. 

20. 记 Di(i = 1,2 ) 为第 i 个收音机是坏的.又令 A ( B ) 表示“这批收音机是由工厂 A (工厂 
B ) 生产的” • 


pm | n P(DiD2) — P(J>ig 2 |A)P(A) + P(D 1 D 2 \B)P(B) 
( 2W- P(Dl) P( J D 1 |A)P(A) + P(D 1 |S)P(S) 

_ 0.05 2 x 1/2 + 0.01 2 x 1/2 _ 13 
= 0.05 x 1/2 + 0.01 x 1/2 = 300 
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21. P { A \ B ) « 1 即 P ( AB ) = 尸 ( S ), 而 P ( S c |^4 c }a 1 即 P ( A C B R ) - P ( A C ). 因此，为证明 
本题，只需由 P ( AB ) ^ P ( B )^ P ( A C B C ) * P ( A C ). 这可由下式 推得： 


P ( B C A ^ m P {{ A \ JP(A U B ) 

=1 - P ( A ) - P ( B ) + P { AB ) = 1 — P ( A ) = P { A C ) 


22. 当 n = 0 时，结论显然成立.记爲表示“经过 n 步以后,在坛子内有 i 个红球”，依归纳 
法假设 

P ( Ai ) - , n+l 

用巧表示“经过 n + 1步以后坛子里有个红球”这一事件，则 


71+1 71+1 

pm = piBAAmA,) * —xj p^Ai) 
= 士 [順 I 為- mi 冯)] 

n + 1 


经过 n 步以后，坛子内一共有 n + 2个球.表示坛子中有 n + 2 个球，其中 
j - 1个红球，从中随机地取出的是一个红球的概率,这样 , n + 1 步以后，坛子内就有 i 个 
红球，显然 




而相应的 P ( B ^ I ^) 表示在抽球之前坛子内有:/个红球 ， n + 2- j 个蓝球，而取出的是一 
个蓝球的概率，这样 


mi 烏卜 


n + 2 -j 
n + 2 


将这些概率代入 P ( Bj ) 的公式，得 


P { Bi ) = 


n + 1 L n + 2 


n + 2 


n + 2 


按归纳法，完成了证明. 

23. 记厶为“第 i 个人宣称拿到了 ‘ A 1 ” ，则 


P ^ = l - { 2n ： 2 )/{ 2 ：) 


1 n — 1 _ 3 n — 1 

2 X 2 n —1 = An -2 


A ! A 2 表示“第一个人只能从 2 张 ‘ A ’ 中选一张，从 2 n - 2张非‘ A ’ 中选 n - 
样， 


刺=(©( 2 :-卜占 


1张”.这 


因此， 


P ( A ^ IAi ) = 1- P ( A 2 IAi ) = 1~ 


P ( A ! A 2 ) 

p(Ai) 


n — 1 
3 n - 1 


可以将分牌的结果看成两次试验，试验 i 成功表示第 i 张 “ A ” 给了第一个玩牌者，当 n 
充分大时，这两个试验就相互独立,成功的概率为1/2,这样，问题变成了两次试验至少有 
一次成功的条件下，求两次都成功的概率 1/3), 因此， n 充分大时，可用例 2 b 那样的 


伯努利试验来逼近. 






附录 B 自检习题答案 15 


24. (a) 设 n 次收集到的优惠券的顺序为 n，i 2 , …，‘其相应的概率为恥…化 =rnUPi. 
因此， n 次收集到 n 种不同的优惠券的概率为 n \ XT i=xPi . 

(b) 设心，…，4各不相同，则 


此处 E il: ■■- ,E ik 表示没有,4类型的优惠券，在 n 次收集优惠券，每次都没 
有收集到 ,4- 而各次收集优惠券又相互独立，因此 P(E h ---EiJ 有上述表达 
式.现在利用事件和的概率公式得到 


尸 (Cj+h-K#)" 

i=l k=l 

由于1 - < UIU 段)表示 《 种优惠券都收集到的概率，由 （a) 知这个数等于 n / n n , 
将这个值代入 p(ur=i®») 的展开式中，得到 


n! 

n n 




或 n 

n \ = n n - y^(-l) fc+1 (n - k )' 

fe=i 

或 n 

n! = ^(-l) fc (3(n-fc 广 

fc =0 

25. 记 贝！ J 互不相容，且 


EUF = AUBUC 
F = BUC 

P{E n(£?u F)) 


P(E\EUF)= 


P(A)P(C) 


P(E U F) 


P(A) + P(5) + P(C) 


P 剛 


P(EF) 

P(F) — P{B)^P{C) 


P{C) 


由上式看， P(E\EUF)^ P(E\F) 是显然的. 


第 4 章 

1. 由于概率之和为1,我们利用这个条件得 

4P{X = 3} + 0.5 = 1 

从而 P{X = 0} = 0.375, P{X = 3} = 0.125,故 E[X] = 1 x 0.3 + 2 x 0.2 + 3 x 0.125 = 
1.075. 
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2. 利用题中的关系，得 Pi = c >,* = l ,2, 其中朽 = P{X = i }. 由于这些概率之和为 1, 得 


po(l + C+ C 3 ) =4>po = 


1+C+ c 2 


因此， 

E ^= P1+2P2 = 1 C + C + C 2 

3 .令 X 为掷硬币的次数， X 的分布列为 

P2 = P 2 + (1 - p) 2 P3 = 1~P2 = 2p(l-p) 


因此， 


E [ X ] = 2 p 2 + Sps = 2 p 2 + 3(1 — P2 ) = 3 — p 2 — (1 — p ) 2 

4. 随机地选定一个家庭，而这个家庭有4个儿童的概率为 m / m , 因此 


E [ X ] = ^ im/m 

i=l 

由于有 i 个儿童的家庭总数为 ru ，因此这些儿童的总数为抽到的儿童来自这样的家 
庭的概率为因此， 


E [ Y ) 


i=l 

J 2 ini 


因此，我们必须证明 


上式等价于 


E i 2 rii J2 in i 
i=l _ 、 i=l 

- -^ -- 

E ini E Ui 




i2nm i y ' nin 3 

i=l j = l i=l j=l 

对于固定的左边和式的系数为 i 2 + f , 右边和式叫叫系数为20，所以上式 
等价于 


+ J >2 ij 


而这个不等式是明显的. 


1. 也可这样解.若令 , 则上式等价于 ( EPi )( E ^ V )^ ( E ^) 2 - 而这个不等式是显然 
的.一译者注 1 
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5 •记 p = 三 1}, 则 E [ X ]= p , Var ( X ) « p(l - p )， 由问题条件知 

P = 3 p(l - p ) 

解此方程得 p = 2/3 . 因此 P{JC »= 0} s ： 1/3. 

6. 假定你押上 a ;， 而赢 a ; 的概率为 p ， 输 z 的概率为1 _ p . 此时,你赢钱的期望为 

xp — K (1 — p ) = (2 p — l)x 

当 p > 1/2时，这个值为正，当 p < 1/2,这个值为负.若告诉你正面朝上的概率为0.6, 
则你应该押10元（最大容许的押宝的值）若告诉你是0.3,则你应该押0元,这样你期望 


的利润为 


i x (1.2 - l ) xlO + ixO-C = l - C , 


其中 C 为信息费.若没有这个信息，则你的期望的所得为 


■ (2 X 0.6 - 1>+ i (2 X 0.3 - l)x = [i X 0.2 + i x (-0.4 )j x = - O.lx 


因此，在没有信息的情况下，你应该押0元，使损失最小.比较这两种赌博方式可看出，只 
要 C < 1你就买这个信息. 

7. ( a ) 若你翻开红纸，观察得到 cc ， 若你转向蓝纸，你的期望收入为 
2 x { l /2) + */2(1/2) = 5 a :/4 > x 
因此，你应该转向蓝纸，而期望得到更多. 

( b ) 设慈善家写的数为 z (写在红纸上)，则在蓝纸上写上&或 z /2 ，注意若 y < z /2, 此 
时蓝纸上写的数字总是比 2 /大，因此按规定接受了蓝纸上提供的数字，即 2 a ; 或: c /2. 

E[Ry{x)] = 5x/4 x/2 ^ y 

如果 x /2< y ^2 x , 此时，如果蓝纸上，写的是 2 a ;， 你就接受 2; r ; 若蓝纸上写上 x /2, 
你就转向红纸，此时,你得到的是 

E[Ry(x)] = 2x(l/2) + a:(1/2) = 3x/2 x/2<y^ 2x 

最后 ，若 2 x < y , 此时蓝纸上的数被拒绝，你的收入为 


Ry ^ x 2 $〈 y 


对于2/值，期望收入为 
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8. 设 n 次独立重复试验成功的概率为 p ， 成功数小于或等于 i 的充要条件为失败数大于或 
等于但是每次试验失败的概率为1 -p. 因此失败数的分布为二项分布，故 

P{Bin(n, p) < i} = P{Bin(n, l—p)^n — i} 

^ 1 — P {Bin(Ti，1 _ p) ^ 7i — i 一 1} 

上面最后一个等式是利用事件和它的对立事件的概率之间的关系. 

9. 由五 [X] = np ， Var(X) = np(l — p) • 通过 np = 6, np(l — p) = 2.4, 解得 p = 0.6, n = 10, 
故 

p{x = 5} = (g^Co.e) 5 ^^) 5 

io . 令&为第 i 次取出的球的号码，则 


P{X < k } ^ P { X ! ^ k , X 2 ^ k , ■■- , x m ^ k } 

= P { X ! < k } P { X 2 < fc } ... P { X m < fc }= 

因此， 

/ lc\ m / Jc — 1 \ m 

P{X = k } = P{X ^ k }- P{X < fc _ 1}= (兰）- 

11. ( a ) 给定 A 赢第一局， A 赢全局的充要条件在 B 赢3局以前赢 2 局•故 

P{A 赢 | A 赢第一局} = p 2 + 2 p 2 (l - p ) + 3 p 2 ( l - p ) 2 
( b ) 

P { A 赢第一局 IA 赢} = P { A 贏 1 A 赢 { A 赢第一局 } 

= p 3 + 2 p 3 ( l - p )+ 3 p 3 ( l - p ) 2 

P 3 + 3 p 3 (l - p ) + Qp 3 (l - P ) 2 

= l + 2( l - p ) + 3( l - p ) 2 

— 1 + 3(1— p )+6(1- p ) 2 

12. 为计算至少赢三场的 概率， 必须计算本周赢或输的条件之下的事件的 概率， 因此,答案为 


°- 5 Xl (t)°- 4<0 - 64i +0 - 5 13 (t)°- 7<0 - 34 ~ 


13.记 C 为“陪审团作出正确决定”的事件， 记 F 为 “其中有4个审判员的结论相同”，则 


P ( C ) = (:)0.7*0.3 7 - 


P ( C \ F ) : 


P ( CF ) 

~ PiF ) 


Qo .7 4 0.3 3 


Qo .7 4 0.3 3 + Qo .7 3 0.3 4 


= 0.7 







14. 假定飓风次数为泊松分布.这样，我们的解为 
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$>- 52 (5.心! 

i=0 

15. 

E [ Y ] = iP{X = i }/ P{X > 0} = E [ X ]/ P{X >0} = 

i=l 

16. ( a ) 1 /n 

( b ) 记 D 表示女生 i 和女生:/选择不同的男生，此时我们有 

P(GiGA = PiGiG^PiD) + PiGiG^P^) 

mP { G i G j \ D ) P [ D ) +Q { PiGiG ^ DjmO ) 

由于 


P ( I 3 0 } = P { i , j 选择同一男生 } 

= J 2 邱， J •选择同一男生 fc | « nP { i , 同时选上男生 l}«nxi = i 


这样， 


啊⑹-學剛 (1 - 备卜 © 2 (i 

因此 P ( G i | G J ) = P ( G i G j )/ P ( G J ) = ( n - l )/ n 2 . 

( c ) ( d ) 当 n 充分大时, PiGilGj ) 很小，并且与 P(Gi) 很接近.由此可知形成夫妇的对数 
近似于泊松分布，均值为 Er = i - p ( £? i ) = 1 - 从而，凡〜 e ~\ P k ^ e^/kl 
( e ) 为求给定 fc 个女生都被配成吴妇的概率，利用条件概率计算.记£>为“这 fc 个女生 
找到不同的男生”. 


= P(G il ---G ik \D)P(D) 


G ik \D)P{D) + P(G h • • • Gi fc \D C )P{D C ) 
k n(n 一 1) ••• (n — + 1) _ n ! 




(n — k ) ln 2k 


因此， 


= (：) p ^- G ^ = ( n- kV t-m^ 

利用事件和的概率公式得 

1_Po = P (y Gi ) = 1 ) fe+l ( n - fc )!( n - k )\ k \ n 2k 

17. ( a ) 由于第 i 个妇女与其余每个人结成对的可能性相同，因此 P ( Wi ) = l /(2 n — 1). 

( b ) 由于在的条件下，第 i 个妇女与其余 2 n _ 3个人结成对的可能性相同，因此 
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( C ) 当 n 很大时，妇女和她的丈夫结成对的数目近似服从泊松分布，其期望近似为 Er=i 
P ( W t ) = n /(2 n - 1) « 1/2. 因此，没有夫妻结成对的概率近似等于 e _ 1/2 . 

( d ) 这个问题变成了配对问题（见 I 6 题). 

18. ( a ) g )(9/19) 3 (10/19) 5 (9/19) = g )(9/19) 4 (10/19) 5 

㈨ 记 W 为她的最后所得， X 为赌的次数，由于她要赢4次，输 X - 4次，所以她的所 
得为 

W = 20- 5 (X - 4) = 40 - 5 X 

因此 

E [ W ] «40- » 40 — 5 x [4/(9/19)] = -20/9 

19. 当三个人抛掷硬币的结果相同时，就不会产生“奇人”，此概率为 1/4. 

( a ) (1/4) 2 (3/4) = 3/64 ( b ) (1/4) 4 = 1/256. 

20. 令 g = l _ p , 






idy = -^lnp 
V Q 


21. 由于 （X - b )/( a - b ) 以概率 p 为1，以概率 （1 — p ) 为0,故它是一个伯努利随机变量， 
其参数为 P ， 方差为 p ( l — P ). 即 


P(1 _ P) = Var(f^) = ^ F Va r( X-6) = ㈤ 


故 


Var ( X ) = ( a - bfp(l - p ) 

22.记 X 为你玩的点盘数， F 为你失败的盘数. 

( a ) 玩了 4盘以后,你再继续玩,直到你输为止.因此 X - 4 是几何分布,其参数为 （1- p ), 
故 

E [ X ] = E [4 + (X - 4)] = 4 + E[X - 4] = 4 + 

( b ) 令 Z 为前 4 盘中输的盘数，则 Z 为二项随机变量,其参数为（4, l _ p ) P 由于 y 
我们有 


E [ Y ] = E[Z + 1] = E [ Z ] + 1 = 4(1 — p ) + 1 

23. “在抽出 m 个黑球以前抽出 n 个白球”这一事件等价于“在前 n + m -1 次至少抽出 n 
个白球”（与第3章例 4 j 的问题进行比较).记 X 为前 n + m - 1次抽出的球中的白球 
个数， X 是超几何随机变量. 


P { X > n }= ^ P{X = i }= 




M \ 


N + M 
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24. 由于每个球以相同的概率扒，并且相互独立地进入坛子 i , A 的分布是参数 n = 10 ,p = Pi 
的二项分布. 

同样的理由可知， Xi +七的分布是参数 n = 10 , p = pi +pj 的二项分布. 

同样的理由可知，& + X 2 + X 3 的分布是参数 n = 10 ,p = pi + P2 + P 3 的二项分布，故 


P{Xl +X2+X 3 = 7}= (^) (P1+P2 + P3) 7 (P4 + P5) 3 
25. 如果第 i 个人拿到自己的帽子，则记為否则记不 * §, 这样 

i=l 

是拿到自己帽子的人数.等式两边求期望得到 

E \ x \ = E (^ 2 x i ] = ^2 丑闯，亡 p i Xi = l } = ^ 2 l / n = l 

i=l i=l i=l i=l 


倒成第二个等式是利用事 实：第 i 个人以相等的概率拿到任何一个帽子，因此他拿到自己 
帽子的概率为 l/n 
利用式（9.1)，得到 

艰 2 ] = E 寧 d + E E 寧而 ] 

i=l i=l 

对于 i / ■?.， 

E[XiXi} « |>{ 不 _:|, & * 1} » P{Xi = 1}P{X^ = l|Xi = 1} « i x 


因此， 


这样 


E[X 2 ) = 1 + J2I ： 


n(n — 1 ) 


1 + n(n - 1 )- 


n(n — 1 ) 
Var ( X ) = 2 - l 2 = 1 


第 5 章 


1 •设 x 是玩球的时间（分） 

( a ) P { X > 15} = 1 - P{X < 15} -1-5 x 0.025 = 0.875 

( b ) P {20 < X < 35} = 10 X 0.05 + 5 X 0.025 = 0.625 

( c ) P{X < 30} = 10 X 0.025 + 10 X 0.05 = 0.75 

( d ) P{X > 36} = 4 x 0.025 = 0.1 
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2. ( a ) 1 = Jq 1 cx n dx = c/(n 1) => c = n 1 

(b) P{X >x} = (n+l)f\ n dx = x n+1 \l = l - x n+1 

3. 首先由下式确定 c 的值 

广 2 

1=1 cx 4 dx = 32c/5 c = 5/32 

Jo 

( a ) E \ x \ = 蠢 /。 2 x5 & = 蠢譬 = V 3 

(b) E[X 2 ] = ± J ^ x ^ dx=^^f = 20/7 分 Var(X) = 20/7- (5/3) 2 = 5/63 

4 •由 

1 = / (ax + bx 2 ) dx = a /2 + 6/3 
Jo 

0.6 = / (ax 2 + bx 3 ) dx = a/3 + 6/4 
Jo 

我们得到 a = 3.6,6 = —2.4. 因此， 

(a) P[X < 1/2] = f 0 1/2 (3.6x - 2.4x 2 ) dx = (1.8x 2 - 0.8x 3 )|J /2 = 0.35 

(b) E[X 2 } = J。 1 (3.6a: 3 — 2.4x 4 ) dx = 0.42 今 Var(X) = 0.06 

5. 对于 i = ,n 

P{X = i} = P{[lnt(nU)] =i-l} = P{i-l^nU <i} 

< C /< -} « I/n 
I n n J 

(式中[抑明表示 nt / 的整数部分 .） 

6. 如果你的竞价为 x, 70 < a; <140, 则你将以概率 (140-a;)/70 赢得该工程，利润为 x— 100, 
或者失去工程，利润为 0. 因此， 若你竞价 x , 期望利润为 

‘( X - 100)(140 ^(240® - x 2 - 14000) 

上式求导并使之为0,得方程 

240 -2x = 0 

因此，你应该竞价 120( 千元)，期望利润为 40/7( 千元) • 

7. ( a ) P{U > 0.1} = 9/10 

(b) P{U> 0.2\U > 0.1} » P{U > 0.2}/P{U > 0.1} = 8/9 

(c) P{U> 0.3|?7 > 0.2, U > 0.1} = P{U> 0.3}/P{f7 > 0.2} = 7/8 

( d ) P{U > 0.3} = 7/10 

将 ( a ),( b ),( c ) 所得的概率相乘得到⑷的概率. 

8 •记 X 为测试数据， ♦ Z = 、X - 100)/15 , 注意 Z 是标准正态随机变量. 

(a) P{X > 125} = P{Z > 25/15} a 0.0478 

(b) 

P{90 < X < 110} = P{-10/15 <Z < 10/15} 

» P{Z< 2/3}- P{Z < -2/3} « P{Z < 2/3} - [1 - P{Z < 2/3}] « 0.4950 



9 .设 X 是路上花的时间，我们需要确定 a :, 使 
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P{X > x } = 0.05 

^>^1 = 0.05 
7 7 / 

P [ z > =0.05 

其中 Z 为标准正态随机变量.但是 

P { Z > 1.645} = 0.05 


它等价于 
或 


P { 


t — 40 

^^ = 1.645 或 x = 51.515 
这样，你应该在12点过 8.485 分以前动身. 

10•令 X 为轮胎的寿命（单 位： 1000英里)，令 Z = (X - 34)/4 ， 则 Z 为标准正态随机变量. 

( a ) P{X > 40} = P{Z > 1.5} w 0.0668 

( b ) P {30 < X < 35} = P {-1 <Z < 0.25} = P{Z < 0.25} - P{Z > 1} w 0.44 

( c ) 


P{X > 40 |X > 30| « P{X > 40}/ P{X > 30} 

= P { Z > 1.5}/ P{Z > —1} w 0.079 
11 .令 X 为下一年的雨量，记 S « pf - 40.2)/8.4 

( a ) P{X > 44} s P { Z > 3.8/8.4} w P{Z > 0.4524} w 0.3255 

( b ) Q (0.3255) s (0.6745) 4 

l 2 •记恥为样本中每年至少有收入 i (单 位： 千元）的男人数 . 爪为相应的女人数, 令 Z 为 
标准正态随机变量. 

( a ) 


(b) 


(c) 


P { W 2 5 > 70} = P { W 2 5 ^ 69.5} 


p f W 25 - 200 X 0.34 > 
1 V 200 x 0.34 x 0.66 〆 


69.5 - 200 x 0.34 1 
V 200 x 0.34 x 0.66 / 


w P{Z > 0.2239} « 0.4114 


P { M 25 < 120} = P { M 25 < 120.5} 


P { 


M 25 - 200 x 0.587 
v/200 x 0.587 x 0.413 




120.5 - 200 x 0.587 1 
V 200 X 0.587 X 0.413 / 


« P{Z ^ 0.4452} w 0.6719 


P { M 20 > 150} = f { M 20 > 149.5} 

_ p ( M 20 - 200 x 0.745 < 149.5 - 200 X 0.745 1 

— 1 V 200 X 0.745 X 0.255 ^ V 200 X 0.745 X 0.255 J 


w P { Z ^ 0.0811} w 0.4677 
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⑷ 


P { W 20 > 100} = P { W 20 > 99.5} 


= P { 


W 20 - 200 X 0.534 > 99.5 - 200 X 0.534 


V 200 x 0.534 x 0.466 V 200 x 0.534 x 0.466 i 

w P { Z ^ -1.0348} w 0.8496 
因此， P { M 20 > 150} P { W 2 o > 100} w 0.3974. 

13. 由于指数分布是无记忆的，其结果为 e - 4 / 5 . 

14. ( a ) e -22 = e -4 

( b ) F ⑶ _ F ( l ) = e - 1 _ e - 9 

( c ) A ( t ) = 2 te - i 2 / e -*" = 2 t 

( d ) 令 Z 为标准正态随机变量，利用恒等式 E [ X ] ^ / 0 °° P { X > x } dx , 得到 

名=厂 e—W da: » 3~ 1/2 r e~ y2/2 Ay « 2 一 1/2 > 0} « Vi/2 

Jo Jo 

( e ) 利用理论习题5,得到 

E [ X 2 ] = J 2 xe~ x da ; = — e~ x |o° = 1 

因此， Vax ( X ) = 1 - jt /4. 

15. ( a ) P{X >6|» exp {- / Q 6 X ( t ) dt } = e _ 3 . 45 

(b) 

P{X < 8 |X > 6} = 1 - P{X > 8 |X > 6} = 1 - P { X > 8}/ P{X > 6} 

萼 1 — e _5 - M / e _3 _ 45 w 0.8892 

16. 对于 x^O 

F 1/ X { x ) = P { l/X ^ x } = P{X < Q } + P { X > 1/ x } = 1/2 + 1- F x { l / x ) 

上式求导，得 

/ V 々 卜 x ~ 2 f x ( l / x ) = 娜二糊 = fx { x ) 

对于 a : <0 的证明是相似的. 

17. 令 X 表示 n 次赌博中你赢的次数，你所赢的钱数为 

35 X -{ n - X )= 36 X-n 

你赢钱的概率为 

P {36 X - n > 0} « #{ X > n /36} 

而 X 是二项随机变量，参数为 n，p = 1/38. 
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( a ) 当 n s 34, 


p = P { X ^ 34/36} = P { X > 0.5} (连续性修正） 

_ p f X - 34/38 、 0.5 - 34/38 n 

_ 丄 a /34 x 1/38 X 37/38 ^34 X 1/38 X 37/38 j 


P {: 


X — 34/38 


> -0.4229 j « $(0.4229) « 0.6638 


V 34 x 1/38 x 37/38 

通过 34 次赌博，如果你能赢一次以上的话，你就会赢.准确概率为1 - （37/38) 3 
0.5961. 

( b ) 当 n = 1000, 

27.5 - 1000/38 , 




a /1000 X 1/38 X 37/38 ^/1000 X 1/38 X 37/38 

1-$(0.2339) w 0.4075 


准确概率为 0.3961. 
( c ) 当 n = 100000, 

P{X > 2777.5} » 


X - 100 000/38 


2777.5 - 100 000/38 


a/100 000 X 1/38 X 37/38 ^/100 000 X 1/38 X 37/38 

Kl- $(2.883) w 0.0020 

准确概率为 0.0021. 

18 •设叉表示电池的寿命.所求的概率为 P{X > s + > t }, 故 

Pix >, + t \ x > n - P { x > s + t , x > t } _ P { x> s + t } 

P { X>s + t\X > t \ - p{x> t} - p{x > t} 

= P{X >s + t | 类型 1 电池 } Pl + P{X >s + t | 类型 2 电池 } P2 

=~ P { X > 別类型 1 电池}外 + P { X > 4 类型 2 电池 } p 2 ~ 

— e - A ^ s +«) p 1 + e ~ A 2( s + t ) p 2 

e—Mpi + e~ x ^p2 

另一个方法是以电池类型为条件，然后利用指数分布无记忆性， 

P{X > s + t|X > t } = P{X >s + t \ X > t , 类型 l } f { 类型 1 |X > 奵 

+ P{X >s + t \ X > t , 类型 2 } P { 类型 2 |叉 > t } 
= e - Als _ P { 类型 1 |X > t } + e _ A 2 S P { 类型 2 |X > *} 

对于类型 i , 

类型 


P { 类型 


P{X > t } 
P { X > *|麵 


3 - Xit pi 


P { X > *| 类型 1}外 + P { X > t | 类型 2} p 2 e - A i*pi + e - Wp 2 


计算结果与前一种方法是一致的. 
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19 •令見 为指数分布随机变量，具有期望 

(a) c 的值应满足 P{X! > c} »#.0 5 , 故 

«**= 0.05 = 1/20 

或 

In 20 = 2.996 

(b) P{X 2 > c} = -^= = 0.2236 

20. (a) 

E[(Z-c) + }=-^= £jv- c) + e-^ 2 dx 

=^kr {x - c)e ~ x2/2dx 

=^= r xe-^dx-^= r ce-^dx 
V 2 kJc V2 ji 7c 

= _^e-P/ 2 Ie°° -c(l - $(c)) 

= i e " c2/2 " c(1 " $(c)) 

(b) 利用 X 与 M + trZ 具有相同分布的事实，其中 Z 为标准正态随机变量，得到 
E[[X- + < tZ - c) + ] 

叫(+-宁)) + ] 

:舅翁卜 ( Z _£^f)+] 

= ff fe e " a2/2 - a(i -H 

其中 a = (c- ^)/a. 


第 6 章 

1. (a) 3C + 6C = 1 ^ C = 1/9 

(b) 令 P (i,j) = p{x «4 ; r _ 分，贝 ij 

p(l ， l) = 4/9 p(l ， 0)=2/9 p(0,1) = 1/9 p(0,0)=2/9 

(c) 學 (1/9) 6 (2/9) 6 (d) 靜 (1/3) 12 (e) 羞 ( ？ )(2/3”(1/3) 12 4 

2 •⑷记 ft = P{XYZ^j}, 我们有 

P6 = P2= Pa = P 12 = 1/4 


因此， E[XYZ\ =(6+2 + 4 +12)/4 = 6 



( b ) 记 ® = P{XY + XZ + YZ ^ j }, 我们有 
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qn = 95 = 98 = qie = 1/4 


因此， E[XY + XZ + Y 2 ^\ = (11 + 5 + 8 + 16)/4= 10 
3. 此题中，我们要用到恒等式 


J e ~ x x n dx = n ! 


实际上， e ~ x x n / nl , s > 0,是 r 随机变量的分布密度（参数 n * I , A ^ l ). 


⑷ 


[°° e~ y r (y - x)dxdy = C e ~ v 2 y 2 dy = AC 
J 0 J — y J 0 


因此 ， C = 1/4. 

( b ) 联合密度只在 - y < x < y , y > 0 上为非零. 
a ： > 0 时， 


fx { x ) = \ J ( y - x ) e ^ v d y = \J we _(!C+M) dw = ie - * 

当 a : < 0 时， 

fx ( x ) — x)e~ y dy= il - 2 / e -« - e —沒 « (-2xe x + e x )/4 

( c ) fy ( y ) = \ e~ y JT v [V -x)dx= \y 2 e~ v ,y> 0 

⑷ 


E [ X ] = \\ j ^ + J ° (- 2 x 2 e x + xe x ) da :] 

=j[l- J 0 ° O {2y 2 e- v + j/e-«)dy] = i[l - 4- 1] =-1 
( e ) ^] = |/ o °° y 3 e - a d 2 / = 3 

4 •设 i = 1， ... ， r 是多项分布随机变量，其中足表示 n 次独立重复试验中结果 i 发生的 
次数，每次试验的可能结果为每个结果发生的概率分别为 Pi ,i = l ..., r . 现在设 
想把所有可能结果分成 A 类，试验结果归成第一类，试验结果 ri + l ,..., n + r 2 
归成第二类，如此等等.这样定义以后， K 就是在 n 次独立重复试验中第 i 类结果发生 
的次数，其相应发生的概率为巧， i = 1 ... ， fc . 按定义， Y u ..., Y k 是多项随机 
变量. 

5. (a) 


= l L {x 


/5 + cy ) dydx : 


(4 x /5 + 12 c ) dx = 12 c + 2/5 


因此 ， c = 1/20. 

( b ) X , Y 不独立，不能将密度函数分解. 
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⑷ 


P{X + y >3}= f f ( x / h -{- y / 20 )dydx 

JO J3-x 

= 人 1 [(2 + x ) x/h + 25/40 一 （3 - x ) 2 /40] dx 
Jo 

= 1/5 十 1/15 + 5/8 — 19/120 = 11/15 


6. ( a ) 相互独立，密度函数可分解因子. 

( b ) fx ( x ) = xj^ydy = 2 x 0 < a ; < 1 

( c ) f Y { y ) =yjgXdx = y /2 0 <y <2 

(d) 


P{X <x,Y<y}^ P{X< x}P{Y < y} 

^ min(l, x 2 ) min(l, y 2 /4) a; > 0, y > 0 

( e ) E[Y] = J^y 2 /2dy = 4/3 

(f) i “ i 

P{X + F < 1| « ^ x j。 X ydydx = x(l - xfdx = 1/24 
7 .记 7； 表示第 i 种冲击的来临时刻， i = 1,2,3 .对于 s > 0，* > 0， 


P{Xi > s , X2 > t } = P { Ti 〉 s，Tb > t,Tz > max ( s , t )} 

= P{Ti > s } P { T2 > t } P{Tz > max ( s , t )} = exp {— Ais } exp {— A2 ^} exp {— A3 max ( s , t )} 
= exp {—( 入 is + 入 2 亡 + 入 3 max ( s , t ))} 

8 . ( a ) 不.若在一页上有很多广告，那么这些广告被选中的机会比具有较少广告那些页上 

的广告被选中的机会小. 

( b ) 

( c ) t£i n { i )/{ mn ) = n / n , 其中 fl = n ( i)/m 
⑷ （1 - 亓 / n ) 卜 1 丟 f 南 =( 1 - n / n ^/ inm ) 

( e ) 

( f ) 循环次数的分布为几何分布，其期望值为 n^fi 

9 . ( a ) P{X = i } = 1 / m , i = 1 , • • • , m . 

( b ) 第 2 步 产生一个随机数 t /[( 0 ， l ) 上均匀随机变量]， 若 U < n ( X )/ n , 到第 3 步，否 
则 

回到第 1 步. 

第 3 步 产生一随机数[/，选择第 X 页上第 [ n ( X ) U ] + 1 个元素. 

10 . 是，它们相互独立.我们可以这样地看，当我们知道这个序列在某时刻 JV 超过 c 的时候, 
并不影响这个超过 c 的随机变量的分布，它仍然为 ( c , l ) 上均匀分布. 

11 . 记 Pi 为掷一箭得到 i 点的概率，贝 IJ 

P30 = Jt/36 

P 20 = 4it/36 —p3o = Jt/12 
P10 = 9it/36 — P20 ~P30 = 5it/36 
P0 = 1 — PlO — P20 — P30 = 1 — Jt/4 
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(a) Jt/12 (b) jt/9 (c) 1 — it/4 

(d) ji( 30/36+20/12+50/36) = 35it/9 (e) (it/4) 2 (f) 2(jt/36)(l-it/4)+2(re/12)(5jt/36) 


12 . 令 Z 为标准正态随机变量 . 


(a) 


(b) 


( c ) 


P{ ^ Xi > o} = P < 


E ^- 


V24 VM 


> —=)P{Z > -1.2247} w 0.8897 


p{ ^ Xi > o| ^ Xi = 一 5} = P{X 3 +Xa> 5} 


,\X 3 +X^-\ 

l ~ 


2 ^ 12 | 


w P{Z > 0.5774} w 0.2818 


P {i Xi > °l Xl =5} = P{X 2 +X 3 +X 4 > -5} 


_ D /" 义 2 + 义 3 + 义 4 — 4.5 

= l vm 

13. 在下面式中，常数 C 不依赖于 n. 


-9.5Vl8| 


w P{Z > -2.239} w 0.9874 


P{N = n\X = x} = fx\N(x\n)P{N = n}/fx(x) 


= C- t 


-{Xx^il-py- 1 ^ <7(A(1 - 咖广 V(n - 1)! 


(n-1)!' 

它指出，在 X = ® 之条件下 ， iV - 1 是泊松随机变量，其均值为 A(1 - ph ， 也即 
P{N = n\X = x} = P{N -l = n-l\X = x} 


- P)x (X(l-p)x) n - 
~( n -1)! 


n ^ 


14. (a ) 这个变换的雅可比值为 


由方程 u = x,v = x y 解得 x = u,y = v _ u , 我们得到 

fu,v(u,v) = fx,y(u,v — u) = 1 0 < u < 1,0 < v — u < 

或 

fu,v(u, v) m 1 max(v — 1,0) < it < min(v, 1) 


(b) 对于 0 < t; < 1, 
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15. 记 f / 为（7, 11) 上均匀随机变量，如果你出价 x , 7< a ;< 10 ,你会以概率 

( p { ,<,» 3 = HV<^}) 3 = (^) 3 

赢得这个项目.因此，你赚的钱数期望值为 

E \ G { x )] = i ( s - 7) 3 (10 _ a ;) 

由计算知，当 a : = 37/4时，你赚的钱数达到最大值. 

16. 记 ii , …， in 为1,2, •■- , n 的一个排列. 

P{Xl = i 1 , X 2 = h ,--- , X n = i n }= P { X 1 = h } P { X 2 = i 2 } … P { X n = in } 

=PiiPi 2 ■■'Pin = PW2 ■■■Pn 

因此，所求概率为 mpx -.- pn . 当所有 = 1/ n 时，该概率变成 n !/( n "). 

17. ( a ) 由于 1：?=1見=1：?=1%，故斤= 2於. 

( b ) 我们先在 ( Yi , ■■- , Y n ) 固定的条件下求出 Af 的 分布. 若这个分布与妁，…， Yn 的 
值无关，则 M 的条件分布就是 M 的无条件分布.现假定 ( Fx , ••- , Y n ) 的值为 

(1，… ，: ，0) 

即 K =… = Y k = l , Y k+1 = ■■■ = Y n =0 . 我们把 （),••• ，0看成红球，一共有 
n - fc 个红球.现在再看 X 的值，它是一个随机的序列，这个序列中有 k 个 l ， n-k 
个 0. 


F = (l，... ,1,0,0,••- ,0) 

X^(i x , ■■- ,ik,ik+i, ■■- ,in) 

将 i ! _ 1,看成取到第 Z 个球这样， M 刚好为随机取 fc 个球,其中{尤 4 *1,^ = 0} 
的个数.由于把 y = 0解释为红球，这样 M 就是从 n 个球中随机地抓 fc 个球以后, 
其中红球的个数，而红球的总个数是 n-k, 这个分布是超几何分布.由于这个分布 
_向量 F 中0或1的位置排列无关，因此我们求得的 M 的分布也是无条件分布. 

( c ) 五 [ JV ] = E[2M] = 2E[M] = 2 fe(n - k)/n 

( d ) 利用第 4 章例 8 j 中关于超几何分布的方差公式 

Var ( iV ) = 4 Var ( M ) = 4^^ fe(l - ^)(k/n) 

18. ( a ) 由于 5„ — % = E i = k+iZi , 它具有均值 0 和方差 n-k, 并 且与汍 相互独立.因 
此， 给定 S k = V ， S n 是一个具有期望 j / ，方差为 n - k 的正态随机变量. 

( b ) 在求= a : 之下, 的密度 f SklSn ( ylx ) 的过程中，将 x 看成一个与 2 /无关的常 
数_下面推论中， G ， i -1,2,3,4 都是与 2 /无关的常数. 
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19. (a) 


fs k \Sn(y\ X )~ 


fs k ,s n {y,x) 


^C.fs^xWs.iy) c. 




1 p -(,x-y) 2 /2(n-k) 1 c -M 2 /2fc 

y /2 n\/n — k y /2 ity/k 

^ C 2& q > {~2^ k )~ h } 

= CaeXP {2( Sfc ) _ 2 fc } 

= C3eXV {-2H^) iy2 ~ 2 n Xy) } 

=Ca eXP {-2 fc (^ fc ) [(2/ -^ 2 - ( ^ )2] } 

= C 4 eXP {- 2 ^fe) (2/ -^ )2 } 

由上式可知，这个密度为正态分布密度，期望为 kx / n , 方差为 k ( n - k )/ n . 


P{X 6 >Xi|Xi = max(Xi, ••- ,X 5 )} 

P{X 6 >X 1 ,X 1 =max(X 1 , ■■- ,X 5 )} 

P{X 1 = max(Ji ： i, - • - ,X 6 )} 

P{X 6 = max(Xi, …， X 6 ),Xi = max(Xi, …， JsT 5 )} 
— 1?5 



因此 X 6 达到最大值与前面 5 个； ^ 中哪个最大是无关的 . 

( b ) 注意 

P{X 6 > X 2 |Xa ^ max(Xi, ••- ,X 5 ),X 6 > 

另一方面，在炎 = max^i, ••- ,X 5 ),X 6 <X! 的条件下， X 6 与 X 2 的地位是对称 
的，故 

P{X 6 > 為 | 薦 - max(Xi, …, X 5 ),X 6 < Xi}, = | 

利用上面的公式，得到 

P{X 6 >X 2 \X 1 =ma X (X 1 , ■■- ,X 5 )} 

=P{X 6 >X 2 \X i =max(X ll - • - ,X s ),X 6 >Xi}P{X 6 >X 1 \Xi^ max(Xi ，•- - ,X 6 )} 
+P{X 6 > X 2 \X 1 =max(X 1 ,- - - , X 5 ), X 6 <Xi}P{X Q <Xx |Xi=max(Xi,- • • , X 5 )} 
, 1,15 7 

=1 X — + — X — = — 

6 2 6 12 


1. (a) d = l/ n W 


第 7 章 
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(b) P{X = i} = P{[mU] = i — 1} = P{i — 1 < mU <i} = 1/m, i = 1, ■ 

(c) ^[^)] = E™1 ^P{X = i} = Y,T = ^l = d 


2 •令 


% ^ 


1 若第次抽出的是白球，而第: / + 1次抽出的是黑球 
、0其他 

设 X 是抽出一个白球紧接着抽出一个是黑球的次数，则 


E ^ 


因此， 


E[X\ 




£[/,■]= £尸{第^次抽出白球，第】' + 1次抽出黑球} 


= + f ^ 户{第)次抽出白球 }P{ 第 j ' + l 次抽出黑球 } 

J = 1 

71 771 72777, 

n + m n + m — 1 n + m 
j=i 

前面的论证中用到这样的事实， n + m 个球中的任意一个球都具有相同的机会在第 j ' 次被 
抽出， 因此， 白球被抽出的概率为 n /( n + m ). 当第 j 次抽出白球之后，在剩下的 n + m -1 
个球中，任意一个球都有相同的机会被抽出，因此，在 ：;' 次抽出白球的条件下,第 j + 1次 
抽出黑球的条件概率为 m/in + m - l ). 

3. 将各对夫妇编上号，令乃=1表示第对夫妇坐在同一桌，否则乃 =0 .若 X 代表坐在 
同一桌的夫妇的对数，我们有 

10 

i=i 

因此 

10 

0=1 

( a ) 为计算 Ellj ], 考虑妇女 j , 其余19人的任意3人组合都有相同的机会与她同桌，这 
种三人组合共有个.这样，她与丈夫的可能性为 

(DS/Cs 9 )^ 

因此， E [ Ij ] = 3/19,且 

Jipri » 30/19 

( b ) 这种情况下，10个男人的任何组合都有相同的机会与她同桌，她的丈夫在这两人组内 
的可能性是 2/10. 因此， 


E[I ： j] = 2/10 E[X] = 2 
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4. 在例 2 i 中，我们已经指出，要使所有1点到6点均出现，所需掷骰子数的平均值为 6(1# 
1/2+ 1/3+ 1/4 + 1/5 + 1/6) = 14.7. 现在令不表示在这个过程中 *' 点出现的次数，由 
于 E®=i ^表示出现全部6个点数所需的掷骰子数，这样 

6 6 

14.7 这;石叫=石£内] 

由对称性，所有 E [ Xi \ 都是相等的.故= 14.7/6 = 2.45. 

5. 令乃 =1若当第 j 张红牌翻过来时，我们赢1个单位，乃= 0其他情况.若 X 是我们赢 

的单位数，则 竹 竹 

EX = E [ Y j I 3 ]= Y j E [ I j ] 

j=l j=l 

此处 Ij = 1 , 如果已经翻出黑牌的张数比 j 少（此时已翻出 j 张红牌)，由对称性, 
w 1/2.故 n /2. 

6 . 先 证明： N ^ n -1+ I . 若所有事件都出现，则此不等式两边相等.若不是所有事件都发 
生，显然 iV < n _ 1，这样该不等式成立.现在将此不等式两边求期望，得 

E [ AT ] < n — 1 + E[l] 

若令 li 为事件次的示性函数，即当4发生厶《 1，否则厶.贝 !] 

=E e iM^E p ⑷） 

L i=l i=l i=l 

但 EpI = P{A l • • • An), 故结论成立. 

7. 我们想象一共有 n 个球，其中 ft 个红球， n - k 个白球.随机地从这 n 个球中取出1个 
球，并在球上标上1号，然后无放回地抽出第2个球，标上2号，依次下去，直到最后一 
个球，将它标上 n 号，现在看一看这 fc 个红球，这 fc 个红球的号码是 {1,2, 

个大小为 / c 的子集 (*!,-•-,4), 显然 (*!,••• ,4) 是随机子集，并且对所有 g ) 个子集 
都有相同的机会被 取到. 这样 ( ii ,-- - , i k ) 就是 {1,2,•••,«} 的一个简单随机 抽样. 另一 
方面，不妨设 h <•••<“, 其中 k 就是第一次抽到红球时取球的次数，由例 3 e 可知，它 
是负超几何分布，其平均值为1 + = 

也可用下列形式求得 X 的分布,其中 X 表示从{1，2,… ， n } 中随机抽取 fc 个数中 
的最小数 .{X >乃表示抽取的 fc 个数都比 j - 1大•故 

职 MUG) = G:MA) 

X 的分布就是超几何分布. 

8. 记 X 表示在桑切斯家离开以后离开机场的户数,将其余的人家任意编号 ， i = l ,2, ■■- , N - 
1.记 ，若 i 家比桑切斯家晚离开机场. ft 赛0,若 i 家比桑切斯家早离开机场.此 
时， Jf 与 li 之间有如下 关系： 

N-1 

i=l 
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两边求期望得 

N-1 

BpCj « 家在桑切斯家后离开机场 } 

现在考虑 i 家，设 i 家有 / c 件4李，而桑切斯家有件行李.两家一共有 k + j 件行李， 
这 ft + 件在行李线上排成了一个队.（当然中间还会有其他家庭的行李,但是我们关心 
的只是这两家的行李.这两家的行李也形成了一个次序，排成了一个队 .） 这两家的行李 
的排序决定了哪一家先离开机场，若这 fc + j 件行李中排在最后的一件行李是桑切斯家 
的，那么，桑切斯家比 i 家后离开机场.否则，桑切斯家比 i 家早离开机场.由于这 k + j 
件行李中的每一件都以相同的机会排在最后，因此 i 家比桑切斯家晚离开机场的概率为 
k /( k + j ). 对于除了桑切斯以外的家庭，具有 A : 件行李的户数为 n k , k ^ j , 当 A : = j •时， 
共有叫_ 1. 这样，我们得到 

E[X ] = yp^-l 

1 ' ^ k+j 2 

9. 对于单位圆周上的一个点，它的邻域是指从这个点出发逆时针方向距离为1的那样的一 
段弧（这与几何上的邻域的概念有区别).现在在这一圆周上随机地取一个点，这个点在长 
度为 * 的弧上的概率为 Z /2 J !. 记 X 表示圆周上的19个点在这个随机点的邻域上的点 
数.令乃=1 ，如果第 j 个点在这个随机点的邻域上，其他情况，七= 0.则 

19 

3=1 

两边取期望得 

19 

E[X] =[尸{第^个点在随机点的邻域内} 
j =1 

事实上，任意一个点在这个随机点的概率等于 l /2 jt . 这样 


E[X] = 19/2 it > 3 

由£:[叉] > 3可知，至少有一个 X 的可能值使得 X > 3,即至少有一个随机点，使得在这 
个点的邻域内有4个以上的点. 

10•令 g ( x ) = re 1 〆 2 , 则 

9 { x ) = 盖 aT 1/2 g "( x ) = -jaT 3/z 

因此， V 叉在 A 处泰勒展 开得： 

Vx^V\ + 1/2 (x -A) - iA~ 3/2 (X - A) 2 

两边求期望得 

E[VX] ^VX + ^X~ 1/2 E[X -.J|W|r" 3/2 五 [(X _ Af] 

因此 

Var(X) = E[X]~ {E[Vx]f w A - (VX - 丢 ; \_ 1/2 f = 1/4 - ^ w 1/4 
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11. 将桌子编号，1,2,3是4座位桌子，4,5, 6,7是2座位桌子.令 s 1,如果妻子 i 与她 
的丈夫坐在桌子:/'，否则 Xy = 0. 注意 


眷 Qdhl 风 V 


和 


• 和 1/( 2 2 0 ) = ‘ i = 4,5,6,7 
记 X 表示夫妻坐在同一桌的对数，我们有 

E [ X \ * f ； 亡〜]=£ 亡 E [ X tj } + E [ X ^ 

L i=l j=l i=l j=l i=l j=A 

= 30(3/95) +40(1/190) = 22/19 

12 .记 = 1 ，如果第 i 个人没有招聘到任何人， X i = 0, 其他情况. 

E [ X t ] = P { i 没有招聘到 i + 1,… ， r * 中的任意一人 } 

= i -1^ _ J , _ n - 2 一 i _ 1 

Z % \ 71 ― 1 TL — 1 

因此 

i=l i=l 

由于 Xi 为伯努利随机变量，我们有 


Vax ( Xi ) : 


-(!■ 


r)= 


(i- l)(n-j) 
(n-1) 2 


对于名 < i ， 

E [ XiXj ]= 

故 


■I x ^ X JTT ■ ■ ■ = ( ( nl 2)(1-?) 


CoviX ^ Xj )= 


(n-2)(n- 1) 


(n - 2)(n - l) 2 


从而 


Var ^> + 2 £ S Cov ^,^) 

' i=l ’ i=l i=l 

= (^- 9 (i — l)(j - n) 

~k 卜 ” 2 kiu (-- 2 ) (几 - 丄) 2 


(n — 2)(n — 1): 
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13.令& = 1，如果第 i 个三人组内包含每种类型的球员.其他情形，不= 0. 此时 

2 


( a ) 我们得到 

3 

= 6/ 7 

i=l 

由于足 为伯努利随机变量，我们得到 

Vai ( Xi ) = (2/7)(1- 2/7) = 10/49 


对于 M J 


E [ XiXj ] = P{Xi = l,Xj = 1} = P{Xi = l } P{Xj = l\Xi = 1} 

(D(DG) (;)(?)© — 

= - x - = 6/70 

© © 

(b) 

3 3 3 

Var( J2 Xi ) = Var ( 不 ） + 2 E D Cov (X^Xj) 

i=l i=l i=l j>l 

= 30/49 + 2 xg) x (6/70 - 4/49) = 

14. 令不 = 1 ， 若第 i 张牌是 “A” ， 其他情形 見 = 0 . 又令 Y j = l , 若第 j 张牌是黑桃，否 
则 Yj = 0. i , i = l,2--. ,13. 一张牌的花色不会改变另一张牌的花色，这一点，只要计算 
相应的条件概率.令 A ^ Ai ^ Ai ^ Ai ,, 分别为第 i 张牌是黑桃，红心，方块，梅花的事 
件，则 

P{Yi = 1} = = 1| 人 s } + PiYi = 1| A/J + P{Yi = l | A ild } + P { Y j = l \ A iiC }) 

而等式右边四项相等，所以 


P{Yj = 1} = P { Y r - MAiA 

因此，不与巧是相互独立的， i + j ,进一步可以证明，即使 i = j , 也是相互独立的.利 
用这个事实，我们得到 

Cov ( X , y ) s Cov ( E Xi ，E 6) = E E Cov (^,^}»0 

i=l j=l i=l j=l 

但是是不独立的.事实上， P{F » 13} 表示得到一副13张全是黑桃的一副牌， 
显然其概率不为 0. 但是 P { Y ^ 13 |X - 4} - 0. (已知一副牌中有4张 “ A ” ，显然 
p { y ^ i 3| x =*4} = a .) 这说明 x 与 y 相互不 独立. 
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15. ( a ) 当没有任何信息时，你的期望收入为 0. 

( b ) 当知道 p > 1/2时，你应该猜正面 朝上； 当 p < 1/2时，应猜反面朝上. 

( c ) 当知道 1/( 硬币的 p ) 的值,则你赢得的期望值为 


丑[赢得= p]dp 


/ -1/2 

y 。 [1 x (1 - p ) - 1 x p]dp + 



lx ( l - p )]# = X/2 


16. 首先指出列表有 m 个位置，而构造的随机变量 X 是在 m 个位置 {1,2, ••- , m } 上均匀 
分布的随机变量.当叉= i 时, n ( X ) = n ® 而 n ㈤ 是列表上与位置 i 上的名称相同的 
名称的个数.首先我们指出 


E[m/n(X)] = g-| y P{X = i} = g^Lxl=g^ = d 


我们需要对上面的最后一个等式作一说明，将和号分成 d 个部分之和 

S ^) = £ S ^) 


其中為表示具有相同名称的位置 i 的集合•為中有 n ( i ) 个位置，因此 


E ； 


i ( i ) 


n ( i ) 


这样便得到 Eti = ^，但是 n ( X ) 不好计算.我们用 J 代替 l / n ( X ). 现在计算 
E[J|n(X)]. 

£[/|n(JC}»n(*5]li« P{f® l|n(X)» ^ 

上式最后一式是由于当时, X 可能存在 n ⑷种情况，哪一种情况都是等可 
能的，只有 X 取其中最小值时, J 才等于 1. 两边再取期望，得 


S [ J ] = ^[7| n ( X )]] = B [ l / n ( X )] 


这样我们得到 


E [ ml ] = E [ m / n { X )} - # 


17. 令 = 1，如果第 i 件物品放入某房间时发生 碰撞； 否则 Xi = 0. 这样碰撞总数 




因此， 

補 ‘ E 攀] 

i=i 


1. ( a ) 在求期望过程中，我们假定不同的名称，具有不同的 n { i ), 若不同的名称，其相应的可以相 
同，其结论还成立，不过论证需稍作修改. 

( b ) 是 d 的无偏估计.但它绝不是一个好估计，因为 mJ 只取两个值， m 或0,这都是极端情况， 

特别是0,根本是一个不合理的值.因此，实际中不会用这一估计.——译者注 
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为求 E [ X ], 可以利用条件期望， 

E [ Xi ] = 所; 物品 i 放入 房间伽 3. 

=物品 i 形成碰撞 I 物品 i 放入房间 

= [t 1 _ ( i_ -pjT _i ]Pi= 1 — ~ p ： >y lpj 

上面最后第二个等式是这样解释的，在物品《放入房 间：/ 的条件下,形成碰撞的意思是前 
面$ - 1个物品中至少有一个已经放入房间太而它的概率刚好是1 - ( i - p #- 1 . 有了 
E [ X t ] 的等式以后，我们得到 

»=x j=i 

改变求和次序得 n 

五[ X ] = m-n + ^( l - pj) m 
3=1 

由上式可以看出，这个等式可以以更加容易的方式导出，只需对下面的恒等式求期望即 
可 • 

m _ X = 非空的房间数 

其中 m 为物品总数，当 m 大于非空房间数时，必定有房间放入2个或2个以上的物品, 
那些多余的物品数就是碰撞次数.两边求期望时，求非空房间数的期望，还需要一个技巧, 
将非空房间数分解成 n 个示性函数的和，而每个示性函数的期望就是某房间是否为非空 
房间的概率. 

18.记 L 为第一个游程的长度，以第一个值为条件求期望可得 

E [ L ] = S [ L | 第一个值为 1]^^ +五 [ L | 第一个值为 0]^^ 

现在考虑丑印|第一个值为 1]. 此时，这个序列具有形式 
1 1 0 0 1 …10 

一共有 n 个1, m 个0,但第一个值为1,若将这个序列的第一个1去掉,这样，这个子序 
列成为 

1 0 0 1 …10 

其中有 n _ 1个1, m 个 0. 原来序列的第一个游程的长度就是这个子序列中第一个0的 
位置.例如，在我们列出的第一个游程的长度为 2( 两个1：)，它就是子序列中第一个0的 
位置.现在的问题化成将 n - 1个1， m 个0,随机地排成一个序列，求这个序列的第一 
个0的位置的期望值，这个值刚好等于从 n - 1个白球， m 个红球中，随机地一个一个 
往外取球，直到拿出第一个红球的所需的平均次数.利用例 3 e 的结果，这个平均数等于 
(n + m)/(m + l ). 对于五 [ L | 第一个值为 0] 的计算是类似的_这样，我们得到 
^ rrl n + m n n + m m n m 

nj[L\ = - 1 - = - 1 - 

m + ln + m n + ln + m m+1 n +1 
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19. 设 X 是将两个盒子内物件拿光所需要的抛掷次数.记 y 为前 n + m 次掷硬币所得正面 
朝上次数，利用条件期望的性质 

n+m n+m 

E[X] = E \ X \ Y = = *} = E[X\Y = i]( n + m ^p\l-p) n+m - i 

i=0 i=0 ^ 

现在假定在 n + m 次抛掷硬币中，得到正面朝上 i 次， i < n . 此时，附加的次数只是出现 
n ~ i 个正面朝上所需的次数.若 i = n , 两个盒子中的物件已经取光，无需再做附加的抛 
掷硬币试验.若 i > n ， 此时盒子 H 内的物件已经取光，在盒子 T 内还有 i - n 个物件尚 
未取光.附加的掷硬币次数只是出现 i - n 次反面朝上所需的掷硬币次数.这样 

e[x] = Y, i mi ( n + m y (1 _+ 艺 i^( n+m y (1 _ p)~ + m - < 

i=0 P 1 i=n+l l ~P 1 

20. 利用提示中的等式，两边求期望得 

E [ X n ]^ S^n x n - x 

=n H x n ~ l B [ Ix { x )] Ax^n [°° x n - 1 F { x)dx 
Jo Jo 

上述论证中积分号与期望号的可交换性是由于所涉及的随机变量均为非负. 

21. 考虑一个随机排列 h ，…，/„,它取任何一个具体的排列 , in 的概率都是相同的（等 
于 1/ n !). 这样, 


Ix{x)dxj =nJ^E^x n - 1 Ix(x)jdx 


五[0^_0^ +1 ] = Elaijaij^Ij = k]P{Ij = k} 

k 

^ a k E [^ I j+ i \ J j = = ^ XI afc S = ^3 = 

= -r 1 tt y2a k y2ai = - 1 y2 %(一 ％) < o 

其中最后第二个等式是由于 叫 = 0,有了上述不等式，我们可得 

71—1 

丑[[^， 3 + +1 ] < 0 
•7=1 

这说明必有一个排列，使得 

71—1 

s-%+i < ° 

3=1 

22. (a) E[X] = Ai + A 2 , E[Y] = A 2 + A 3 


Cov(X,y) = Cov(Xi +X 2 ,X 2 +X 3 ) 

=Cov(Xi,X 2 +X 3 ) + Cov(X 2 ,X 2 +X 3 ) 
= Cov(X 2 ,X 2 ) = Var(X 2 ) = A 2 
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( c ) 利用条件期望的性质 

P{X = i,Y = j} = P{X =i,Y= j\X 2 = k}P{X 2 = k} 

k 

=Y, p l x i k,X 3 ~ $- k\X 2 = k}e~ X2 X^/k\ 

k 

P{Xi = i-k,x 3 =j - k}e~ X2 \^/k\ 

k 

=Y1 P ^ Xl mi ~ k } p i X ^ s i — k}e~ X2 \^/k\ 

\ i—k \ J —A: \ k 

_ e - 入 3 _^3 _ e -A 2 ^2 

(i - k)l (j-k)l kl 
Cov( EXi^Yj) EE CoviXi, Yj) 


min ( i ， j ) 

=E 

fc =0 


一 ( 以， E》) = 


^Vai^X^Vax^Yj) 

E CovCXi,^) + EE Cov^,^-) 




=P 


TlCxCTy 

其中最后第二个等式是利用了 CW ^ A ) = pa x a v . 

24•令 


Xi = 


1如果第 i 张牌为 “ A ’ 
0其他 


这样， 


i=l 

且 E [ Xi ] = P{Xi = 1} = 1/1 3 ( 牌 “ A ” 是 1 点！） • 现在用义表示事件“黑桃已被选中”. 
E [ X ] = E [ X \ A ] P ( A ) + E [ X \ A C ] P ( A C ) 

= E \X\A\^+E[X\A^ = £ 剛 | + §e[J2x^] 

= £ 刚 1 + 1 t E [ x ^= 寧⑷ I + S x 3 x * 

利用 E [ X ] = 3/13,可求得 

类似地，令 L 表示“至少有一张 ‘ A ’ 被选中' 此时 


丑 [ X ] = E [ X \ L ] P ( L ) + E [ X \ L C ] P ( L C ) 









这样， 
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E [ X \ L\m 


3/13 

1 — (48 x 47 x 46)/(52 x 51 X 50) 


w 1.0616 


另一种解法是将牌 “ A ” 进行编号，将黑桃 “ A ” 编号为1,令 




1如果第 i 张 “ A ” 被选中 
0其他 


此时， 


同样， 


r 0 

E [ X \ A ] = 1] E [ Yi \ Yt ~ l ] = l + 3 x — = 19/17 


E[X\L] = 五 [ f Yi\L\ =J2 E i Y i\L] = 4P{Fi = 1\L} 


哪=糾=牌)=:=叢= 


3/52 

1 — (48 x 47 x 46)/(52 x 51 x 50) 


与前面的结果完全相同. 

25. ( a ) E { I\X = a ;] = P{Z < X\X s 4 = P{Z < x\X = x } m , P{Z < a ;} = #(*) 
& 由⑷知 E [ I \ X ] = $( X ), 因此 


再由 E [ I ] = P{I = 1} = P{Z < X } 可得所需结论. 

( c ) 由于 X - Z 为正态随机变量，均值为方差为2,我们有 

P{X > Z } « P{X -^>0} = P { X — p > ^|} 

26. 设前 n + m — 2次抛掷硬币时出现正面朝上的次数为 N . 令 M = max ( X , Y ) 表示抛掷 
硬币一直到出现 n 个正面朝上和 m 个反面朝上所需的抛掷硬币 次数. （关于 X , Y 的定 
义，可见本题的提示 .） 利用条件期望的性质， 

E[M] = Y, E[M\N = i]P{N = i} 

n—1 n+m—1 

= E[M\N = i]P{N »:4| + E[M\N = j]P{AT = j} 

i=0 i=n 

现在假定在 n + m - l 次试验中一共 i 个正面朝上.若 i < n , 此时，我们至少已经有 m 
个反面朝上的硬币.为了达到 M 次试验,我们只需进行附加试验,获取另外 n - i 个正面 
朝上即可.而 E [ M \ N »4 ^n + m-l + ( n - i )/ p . 类似地，如果 i > n ， 此时正面朝上数 
已满足了要求，为了达到既有 n 个正面朝上， 又有 m 个反面朝上，我们只需继续做附加 
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试验,达到 m-(n + m —1 — i ) 次反面朝上即可.此时， E[M\N - 1»#+ 1 - n)/(l - p). 
这样，我们得到 

71—1 . 

E[M] = E (n + m - 1 + 

i =0 $ 

n + m -1 •丄 1 \ 

+ ^2 ( n + m - 1 + Z 1 _ p n ^) p { N = 

^n + m^i+2 ^( n + T_ D〆） 1 — pr +m _ 1_i 

_|_ ^ l+\~n ( n + m _ 1 ) 夕 (工 _ ^n+m-»«* 

这样， E[min(X,Y)] 可由下式给出 

B[ min (y, Y}] s E[X + F - M] « - + - E[M] 

27. 这个问题与例 2 i 中的收集优惠券的问题是一样的，即求收集到 n _ l 种优惠券所需要的 
平均次数（优惠券的总数为 n ). 这个例子的解为 

1 +- 十 - 十’ ■■十一 

卞 71—1 卞 71 — 2 卞 卞2 

28. x n n 

E[X] = > 詩 = >i} = ^? i_1 = ^ - 

i=l i=l i=l P 

式中 q = 1 - p . 

29. 

Cov(X,Y) = E[XY] - E[X]E[Y] = P(X = 1,Y = 1) - P(X = l)P(Y = 1} 

因此 

Cov(x, y) = o^ p(x = i,y = l) = p(x = i)p(y = i) 

因为 

Cov(X,y) = Cov(l -X,l-Y) = -Cov(l -X,Y) = -Cov(X, 1 - Y) 

从前面的结论可以看出，当 X 和 Y 的分布是伯努利分布时，下面的结论是相互等 价的： 

1. Cov(x,y) = 0 

2. P(X = l,y = 1) = P(X = 1)P(Y = 1) 

3. P(l-X = 1,1-Y = 1) = P(1-X = 1)P(1 -Y = l) 

4. P(1-X = 1,Y = 1) = P(1-X = 1)P(Y = 1) 

5. P(X = 1,1-y = 1) = P(X = 1)P(1 -Y = 1) 
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30. 首先将人员编号，记 ( i , j ) 为第 j 个戴 i 号帽子的人.如果 ( i , j ) 拿到 i 号帽子，则记 
x itj = 1 ,否则 Xu = 0 . 这样，拿到自己帽子型号的总人数为 


因此 


E i x ] = H E \. x ^ = hiHi 


第 8 章 


1 .设 X 为下一周的汽车销售量，利用马尔可夫不等式 

( a ) P{X > 18} s P{X > 19} < = 16/19 

( b ) P{X > 25} = P{X > 26} < = 16/26 

2 •⑷ 


P {10 < X < 22} = P{|X - 16| < 6} = P{\X — m | < 6} 

=1 - P{\X - / x | > 6} > 1 - 9/36 = 3/4 

( b ) P{X > 19} = P{X - 16 > 3}< ^ = 1/2 

在 （ a ) 中利用了切比雪夫不等式，而 （ b ) 利用了单边的切比雪夫不等式.（见命题 5.1) 

3. 关于 x _ y ， 有下列 结论： 

E[X - Y ] = 0 

Var(X - Y ) = Var(X) + Var(F) - 2Cov(X, Y ) = 28 

下面不等式中 ，（ a ) 利用了切比雪夫不等式， ( b ),( c ) 利用了单边不等式. 

(a) P{\X - Y \> 15} < 28/225 

( b ) P{X - y > 15} ^ 28/(28 + 225) = 28/253 

( c ) P{Y - X > 15} ^ 28/(28 + 225) = 28/253 

4. 设工厂 A 的生产数为 X ，工厂 B 的生产数为乙则 

E[Y - X ] = -2 Var(F 一 X) = 36 + 9 = 45 


P{Y - X > 0} ^ P{Y - X ^ 1} mf{Y - X + 2^ 3} ^ 


5. 注意到 

利用强大数律可得 


- B [ Xi ]= [ 2 x 2 da : = 2/3 


lim Su/ti 


l /(2/3) = 3/2 
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6. 上题中得到五[兄卜 2/3, 由 

E[Xf] = 厂 2s 3 da: = 1/2 

Jo 

我们得到 Var ( Xi ) = 1/2 - (2/3) 2 = 1/18. 因此，若一共有 n 个元件， 

P { S n > 35| m P { S n > 34.5} 连续性修正 

S „ - 2n/3 ^ 345-2n/3l 34.5 - 2n/3 ) 

— I vWl8 〆 vWl8 I 〜 I 〆 Vn/18 i 

其中 Z 为标准正态随机变量.由于 

P{Z> —1.284} = P{^< 1.284} w 0.90 

元件数 n 应满足 

34.5 - 2n/3 w —1.284V^/18 

由计算给出 n = 55. 

7 . 设 X 是修理一台机器所用的时间，则 

S ： pf) = 8.2 + 0.3»fl.5 

利用指数分布的方差等于它的期望的平方，得 

Var(ir) = 0.2 2 + 0.3 2 = 0.13 

现设 • • • ，20为20台机器的修理时间， Z 为标准正态随机变量， 

.o, n fx 1 ，.. + x 20 -10 , 8 —10) 

P{X 1 + ...+X 20 <8} = P| -- <-^e\ 

w P{Z < -1.24035} w 0.1074 

8 . 首先设 X 为赌徒一次所赢的钱数（若负数为输).则 

= -0.7 - 0.4 + 1 = — 0.1 * 0,7 + 0.8 + 10 = 11.5 

泠 Var(X) = 11.49 

w P{Z < 0.2803} w 0.6104 

9. 利用自检习题7中的记号， 

P{Xl +，，， + < t} « f{ ^ + -'-+|2o-10 < t^^ p ^ z< t_-W^ 

由于 P{Z < 1.645} w 0.95, t 应满足 

1.645 


得 t w 12.65. 
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10 . 如果烟草公司宣布的结论是正确的，记尼古丁的含量为尤，平均含量超过 3.1 的概率为 


P { X > 3.1} 




Vloo x ( X - 2.2) yiOOx (3.1 - 2.2) 、 


« P{Z > 30} w 0 


其中 Z 为标准正态随机变量. 

本问题是统计检验问题，若真像公司宣称那样，那么试验结果是不可能出现的.因此，推 
翻了公司的结论. 

11. ( a ) 随机地将电池编号，记 Xi 为第 i 号电池的寿命 （i = 1, ... ，40)，贝! ] 不为独立同分布 
的随机变量序列.现在计算 A 的期望和方差. 记1=1 表示电池的型号为 A,I = 0 
表示电池的型号为 S . 由 


EpCijl = 1] = 50， S [ Xi [7 =q = 30 


可知 


E[Xi] =50 x P{I = 1} + 30 x P{I = 0} = 50 x (1/2) + 30 x (1/2) = 40 
在利用公式 E [ W a } « (£[ W ]) 2 + Var ( W ), 可得 

E\Xi\Im ( SO ) 2 + (15) 2 = 2725, E[Xl\I 毒霉 =(30) 2 + (6) 2 = 936 

这样 

E[X?l = (2725) x (1/2) + (936) X (1/2) = 1830.5 
这样， Xt ，…， X 40 是独立同分布的随机变量序列，其公共期望为 40, 公共方差为 
1830.5 - 1600 = 230.5. 对于 S = T,Zi X ^ 我们有 


稱赛_ 40(40) = 1600, Vai ($) s 40 X (230.5) = 9220 


再利用中心极限定理， 


P { S > 1700} = P 


( S - 1600 
I V9220 


1700- 1600} 
—\/9220 J 


w P { Z > 1.041} 


=1 - $(1.041) « 0,149 

( b ) 记 Sa 为所有类型为 A 的电池的总寿命，为所有类型为 S 的电池的总寿命. 
利用中心极限定理可得， Sa 为近似正态分布，其期望为20 X 50 = 1000,方差为 
20 x 225 = 4500, Sb 为近似正态分布，其期望为 20 x 30 = 600,方差为 20 x 36 = 720. 
由于独立正态随机变量的和也是正态随机变量， S a + Sb 为近似正态随机变量，其期 
望为1600,方差为 5220. 记 S = 6 U + Ss , 得 

P {g > 1700} = p(^°> 1700 -i 600 l 
I ^/5220 ^/5220 J 

w P{Z > 1.384} 


$(1.384) = 0.084 
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12. 求对数，并应用强大数律，得到 

In [( n 不 ) 1 卜 S E M 不卜 E[U(X)] 
因此， „ 

(知广…轉)】 

1=1 

第9章 


1. 由泊松过程定义的条件 （ iii ) 知在8到10之间发生的事件数的分布与0到2之间发生的 
事件数的分布是相同的.这个分布是泊松分布，均值为 6. 对于问题 ( a )( b ), 其答案为 

( a ) P { N (10) - iV (8) = 0} = e *® 

( b ) E [ N (10) - N (8)] = 6 

( c ) 由泊松过程的条件 （ ii ) 和 （ iii ) 知，对于以任何时间点作为起点开始，关于这个时间轴 
上的过程都是具有相同参数的泊松过程，因此，从 2:00 PM 以后，第5个事件的平均 
发生时间为2 + 5/3,或者是 3:40 PM . 

2•⑷ 


P { N ( l /3) = 2 |iV ⑴= 2} = P { JV % 3 jv ; n ) = 2} 

P { N ( l /3) s 2, N ( l )- iV ( l /3)： = 0} 

= P { N {1) = 2} ' 

= P { N {m = 2 } Pjm - N ( l / 3 ) = 0 ^ 根据泊松过程定义条件 ㈤ 

s P { iV ( l /3^ y } P ^ V (2/3) = 0} 根据泊松过程定义条件 （iii ) 

— e - V 3 ( A /3) 2 /2! e - 2 V 3 
— e -^ A 2 /2! /9 


( b ) 


P { N (1/2) > 1| JV (1) = 2} = 1 - P { N { l /2) = 0| JV ⑴ = 2} 


P { N ( l /2)=0, AT (1) = 2} _ P { AT ( l /2) = 0, AT (1) - AT ( l /2) = 2} 

P { N (1) = 2} = P { iV ( l ) = 2} 

P { N ( l /2) = 0} P { iV ( l ) - JV ( l /2) =2} P { iV ( l /2) = 0} P { AT ( l /2) = 2} 

P { N (1) = 2} = P { iV ( l ) = 2} 


e -入 /2 e -入 /2 (入/ 2 ) 2 /2! 
e _ 入入 2 /2! 


= l - l /4 = 3/4 


3. 在路上取一观察点，记 X n = 0 表示通过该点的第 n 辆车是小汽车，= 1，若第 n 辆 
车是大卡车, n ^ l . 现在将看成一个马尔可夫链,其转移概率为 


Po,o = 5/6 P 0 ,i = 1/6 Pi,o = 4/5 Pi,i = 1/5 


记 tto 表示路过某点为小汽车的概率 ， Tn 为大卡车的概率.它们是下列方程组 的解: 


7T0 = 7To(5/6) + 7Ti(4/5) 7T1 = 7To(l/6) + 7Ti(l/5) 7 Tq + 7Ti 1 













解此方程组，得 
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7T 0 = 24/29 7Ti = 5/29 


这样，在路上，^%«83%的车是小汽车. 

4. 每天的气候分类形成一个马尔可夫链，令状态0为雨天，1为晴天, 2为多云，此时转移矩 
阵为 


( 0 1/21/2、 
1/3 1/3 1/3 

1/3 1/3 1/3 ; 


各种气候的比例应该满足 


7TO = 7Tl(l/3) +7T 2 (l/3) 7T1 = 7T 0 (1/2) + 7Tl (1/3) + 7T 2 (1/3) 

7T2 = 7T 0 (l/2) +7Tl(l/3) +7T2(l/3) 1 = 7T 0 + 7Tl + 7T 2 


这组方程的 解为： 

7To = 1/4 7Tl = 3/8 7T2 = 3/8 

因此， 3/8 为晴天 , l / 4 为雨天 • 

5. ( a ) 直接计算之结果 

H { X )/ H { Y ) w 1.06 

( b ) 首先指出，在 X 的取值空间内有两个值，使得 X 取值的概率分别为 0.35 和 0.05 .在 
Y 的取值空间中也有两个值，它们取值概率也是 0.35 和 0.05. 但是，当 X 不取这两 
个值的时候， x 以相同的概率取值其余的三个值，而 y 却不是这样的.根据理论习 
题 I 3 的结论， H { X ) 应该大于 H { Y ). 


第10章 


1•⑷ 

1 = C f e x dx => C = 1/ (e — 1) 

Jo 

( b ) ^ ^ 

Fix ) = C f e y dy = - - ^ 0 彡 a : 彡 1 

Jo e - 1 

如果令 XsF - YCO , 可知 


| J «( e x - l )/( e - l ) 


或 


X = ln ( C 7 (e -1) + 1) 

我们可以通过随机数 U,X = ln ( C/(e -1) + 1) 模拟得到随机变量 X . 
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2 . 利用舍取法.取 S (») 三1，0 < $ < 1. 利用微积分知识可知， /(^/ sOc ) 在[0, 1] 上的极大 
点必满足下列 方程： 

2 x — 6 a: 2 + 4 x 3 = 0 

或等价地， 

4 x 2 -6 x + 2* (4 k -2)( a ;- l )= 0 
f ( x )/ g { x ) 的最大值在 a : = 1/2 处取得，并且 

C = xaaxf ( x )/ g { x ) = 30(1/4 - 2/8 + 1/16) « 15/8 

因此，可采用以下 算法： 

第1步产生一随机数队. 

第2步产生一随机数％. 

第3步若 f/ 2 < 16( C /? - 2 U ? + Uf ), 则令 X »坑，否则转向第1步. 

3. 最有效的方法是首先检验具有最大概率的值.本题中，采用下面的 算法： 

第1步产生一随机数 t /. 

第2步若 0.35,则令 X = 3, 并且停止程序. 

第3步若 C 7 < 0.65, 则令 X = 4, 并且停止程序. 

第4步若? 7 < 0.85, 则令 X = 2, 并且停止程序. 

第5步 X = l . 

4. 2/i — X 

5. ( a ) 产生 2 n 个独立同分布的随机变量不它们的公共分布为指数分布, 

均值为 1. 然后利用 

±^/n 

i=l 

作为估计量. 

( b ) 可以利用 XY 作为控制变量，然后利用下式作为 估计： 

J2(e XiYi + cXiYi)/n 

i=l 

另一种方法是用 XY + X 2 Y 2 /2 作为控制变量，得到估计量 

{ e XiYi + c(XiYi + XM /2 - 1/2 ))/n 

i=l 

我们之所以用这样的控制变量，是由于#展开式的前三项为1 + 3：2/ + /2/ 2 /2. 



Chapter 1 


Problems 


(a) By the generalized basic principle of counting there are 
26.26 • 10.10.10 • 10 • 10 = 67,600,000 


2 . 

3. 


4. 

5. 

6 . 


7. 


8 . 


(b) 26 • 25 • 10.9.8 • 7 6=19,656,000 
6 4 = 1296 

An assignment is a sequence i u iio where ij is the job to which person j is assigned. Since 
only one person can be assigned to a job, it follows that the sequence is a permutation of the 
numbers 1, ..”20 and so there are 20! different possible assignments. 

There are 4! possible arrangements. By assigning instruments to Jay, Jack, John and Jim, in 
that order, we see by the generalized basic principle that there are 2 • 1 • 2 • 1 = 4 possibilities. 

There were 8-2*9 = 144 possible codes. There were 1 29 = 18 that started with a 4. 

Each kitten can be identified by a code number i, j, k, 1 where each of i, j, k, lis any of the 
numbers from 1 to 7. The number i represents which wife is carrying the kitten, j then 
represents which of that wife’s 7 sacks contain the kitten; k represents which of the 7 cats in 
sack j of wife i is the mother of the kitten; and l represents the number of the kitten of cat k in 
sack j of wife i. By the generalized principle there are thus 7 7 7 7 = 2401 kittens 

⑻ 6! = 720 

(b) 2.3! .3! = 72 

(c) 4!3! = 144 

(d) 6.3 • 2.2.1 . 1=72 

(a) 5! = 120 



1260 


: 34,650 


1260 


(12 V 

9. = 27,720 
6!4! 

10. (a) 8! = 40,320 

(b) 2 • 7! = 10,080 

(c) 5!4! = 2,880 

(d) 4!2 4 = 384 
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11. (a) 6! 

(b) 3!2!3! 

(c) 3!4! 

12. (a) 30 5 

(b) 30 • 29 • 28 • 27 • 26 


A ⑵ 

A 

15. There are possible choices of the 5 men and 5 women. They can then be paired up 







Chapter 1 

Theoretical Exercises 

2 - 

3. n(n - l) ■ ■ (n-r+ l) = n\/(n-r)\ 



k ( n ) = k[n] = n! 

{n-k)\k\ (n-k)\(k-l)\ 

(n-k + l)[ U )= (“ •！ =_^_ 

\k-\J (n-k + V)\(k-V)\ (n-k)\(k-l)\ 

_ n(n-l)! _ n\ 
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15. (a) The number of vectors that have x k = j is equal to the number of vectors Xi < x 2 < ... < x k -\ 
satisfying 1 < ^ < j. That is, the number of vectors is equal to H k _i(j), and the result follows. 

(b) 

// 2 (1)=// 1 (1) = 1 

// 2 (2)=// 1 (l)+// 1 (2) = 3 

H 2 (3) = 历⑴ + 历⑵ + Hi(3) = 6 

H 2 (4)= 历⑴ + 历 ⑵ + ffi(3) + 历 ⑷ =10 

H 2 (5)= 坧⑴ + 坧⑵ + 历⑶ + 历⑷ + 历 (5) = 15 

历⑶ = 历⑴ + 历⑵ + H 2 (3) + H 2 (4) + H 2 (5) = 35 

16. (a) 1<2<3,1<3<2,2<1<3,2<3<1,3<1<2,3<2<1, 

1=2<3,1=3 <2, 2 = 3<1, 1<2 = 3, 2<1=3, 3<1=2, 1 = 2 = 3 

( 

(b) The number of outcomes in which i players tie for last place is equal to I # I, the number 

of ways to choose these i players, multiplied by the number of outcomes of the remaining 
n — i players, which is clearly equal to N(n - i). 


(c) I 〔:).” =客〔二。 

L 

where the final equality followed by letting j = n- L 

(d) N(3) = 1 + 3N(1) + 3N(2) = 1+3 + 9=13 
N(4) = 1 + 4N(l) + 6N(2) + 4^(3) = 75 


17. A choice of r elements from a set of n elements is equivalent to breaking these elements into 
two subsets, one of size r (equal to the elements selected) and the other of size n-r (equal to 
the elements not selected). 


18. 


Suppose that r labelled subsets of respective sizes n u n 2 , … ， n r are to be made up from 
^ f n-1 ) 

elements 1, 2, n where n = V ^ . As ^，...，^- - represents the number of 

possibilities when person n is put in subset /, the result follows. 
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Problems 


1. (a) 5 = {(r, r), (r, g), (r, b), {g, r), {g, g), {g, b), (b, r), b, g), {b, b)} 

(b) 5 = {(r, g), (r, b), {g, r), {g, b), (b, r), (b, g)} 

2. S = {(n 9 Xu ... ? x n -i), n>\, x t ^6,i= 1, n- 1} 9 with the interpretation that the outcome is 
(n 9 Xu x n -\) if the first 6 appears on roll n, and jc, appears on roll, /, i = 1, n- l. The 
event (S\=xE n ) c is the event that 6 never appears. 

3. EF= {(1, 2), (1, 4), (1, 6), (2, 1), (4, 1), (6,1)}. 

Ekj F occurs if the sum is odd or if at least one of the dice lands on 1. FG = {(1, 4), (4, 1)}. 

EF° is the event that neither of the dice lands on 1 and the sum is odd. EFG = FG. 

4. A ={1,0001,0000001,...} B = {01 ， 00001 ， 00000001, •••} 

(AuB) c = {00000 …, 001, 000001,...} 

5. (a) 2 5 = 32 

(b) 

W= {(1, 1, 1, 1, 1), (1, 1, 1, 1, 0), (1, 1, 1, 0, 1), (1, 1, 0, 1, 1), (1, 1, 1, 0, 0), (1, 1, 0, 1, 0) 

(1, 1, 0, 0, 1), (1, 1, 0, 0, 0), (1, 0, 1, 1, 1), (0, 1, 1, 1, 1), (1, 0, 1, 1, 0), (0, 1, 1, 1, 0), (0, 0, 1, 1, 1) 

(0, 0,1, 1,0), (1,0, 1,0, 1)} 

(c) 8 

(d) AW= {(1,1, 1,0, 0),(1, 1,0, 0, 0)} 

6. (a) S= {(l,g), (0, g), (0,f), (1,5), (0, 5)} 

(b) A={(1, 5 ), (0, 5 )} 

(c) B={(0, g), (0, 5)} 

(d) {(1, 5 ), (0,sUhgUhf)} 

7. (a) 6 15 

⑻ 6 15 -3 15 
(c) 4 15 


9. Choose a customer at random. Let A denote the event that this customer carries an American 
Express card and V the event that he or she carries a VISA card. 

P(A u V) = P(A) + P(V)- P(AV) = .24+ .61 - .11 = .74. 

Therefore, 74 percent of the establishment’s customers carry at least one of the two types of 
credit cards that it accepts. 

10 
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. 8 . 30 
⑻ (b)(c) 





ce ju siuaenis are noi laKing any oi me courses, me proa 



49/198 and so the probability 


is 149/198. 







14. 


P(M) + P(W) + P(G)- P(MW)- P(MG) - P(WG) + P(MWG) = .312 + .470 + .525 - .086 
.042-.147+ .025 = 1.057 



blackjack. Then, 

P(A uB) = P(A) + P(B)- P(AB) 

_ 4-4-16 4.4.16.3.15 

_ 52.51 52.51.50.49 

=.0983 

4.16 

where the preceding used that P(A) = P(B) = 2 x ^ • Hence, the probability that neither 

is dealt blackjack is .9017. 
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21. (a) pi= 4/20, p 2 = 8/20, p 3 = 5/20, p 4 = 2/20, p 5 = 1/20 

(b) There are a total of41 + 8- 2 + 5- 3 + 2- 4 + l- 5=48 children. Hence, 
q x = 4/48, q 2 = 16/48, q 3 = 15/48, q 4 = 8/48, % = 5/48 

22. The ordering will be unchanged if for some k,0<k<n ， the first/: coin tosses land heads and 
the last n-k land tails. Hence, the desired probability is (n + l/2 n 

23. The answer is 5/12, which can be seen as follows: 


1 = P{first higher} + P{second higher} + p{same} 
= 2 尸 {second higher} + p{same} 

= 2 尸 {second higher} + 1/6 


Another way of solving is to list all the outcomes for which the second is higher. There is 1 
outcome when the second die lands on two, 2 when it lands on three, 3 when it lands on four, 
4 when it lands on five, and 5 when it lands on six. Hence, the probability is 
(1+2 + 3 + 4 + 5)/36 = 5/12. ^ 


25 - 釜 p ⑹ 


27. Imagine that all 10 balls are withdrawn 


P(A) = 


3.9!+7.6.3.7!+7.6.5.4.3.5!+7.6.5.4.3.2.3.3! 

10! 


28. 



If sampling is with replacement 
5 3 +6 3 +8 3 


尸 {same} 


(19) 3 


P{different} = P(RBG) + P{BRG) + 尸 (RGB) + ... + P(GBR) 
_ 6-5-6-8 
=(19) 3 
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50. 

51. 

52. 




l( 52 ) 

「 39) 

Wit 

、8 儿 5j/ 


ll3. 



卜 - l) n - 讲 /AT 

20.18.16.14.12.10.8.6 

20.19.18.17.16.15.14.13 



2019181716151413 


53. Let Ai be the event that couple i sit next to each other. Then 


P(^UA)- 


/| 2-7! fi 2 2 .6 ! 丨 /J! 2 4 -4! 

sT -6 8! + 8! 8T 


and the desired probability is 1 minus the preceding. 

54. P(SuHuDuQ = P(S) + P(H) + P(D) + 尸 (C) - P(SH) 一 … 


{I 


)+«) 



〔 52 〕 





-«〕 

| + 4 


52Y 

.13, 


- P(SHDQ 
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Theoretical Exercises 

5. F t = £. n E c t 

M J 

6 . ⑻ EFG 0 

(b) EFG 

(c) Ekj Fkj G 

(d) EFuEGuFG 

(e) EFG 

(f) 

(g) u ErG c ^j E°FG c u E^G 

(h) (EFG) C 

(i) EFG C u EF^G u E°FG 

G) 5 

7. (a) E 

(b) EF 

(c) EGkjF 

8. The number of partitions that has n + \ and a fixed set of i of the elements 1,2, n as a 
subset is T n -[. Hence, (where T 0 = 1). Hence, as there are . such subsets. 

k.= i+ a 》 i+ a 》 

11. l>P(EuF) = P(E) + P(F)-P(EF) 

12. P(EF°kj E°F) = P{EF) + P(E°F) 

= P(E)- P(EF) + P{F)- P{EF) 

13. E = EFuEF c 
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There will be 2/: + 1 runs if the outcome is either of the form x\, yu Xk, yh Xk+i or yu x\, 

y h x k y k+ i where all are positive and ^x- = n, ^ y ( = m. By Proposition 6.1 there are 


^n-lV m_l 、 

fn-l 

、〔 m-l\ 

ou 

U JU-v 

tcomes of the first type and ^ ^ 

of the 

){ k J 
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Problems 


P{6 I different} = P{6, different}/P{different} 

P{lst = 6,2nd 关 6} + P{ls^6,2nd = 6} 


5/6 


2 1/6 5/6 
^ 5 ^ 6 ^ 


1/3 


could also have been solved by using reduced sample space — for given that outcomes differ it 
is the same as asking for the probability that 6 is chosen when 2 of the numbers 1, 2, 3, 4, 5, 6 
are randomly chosen. 


P{6 

P{6 

P{6 

P{6 

P{6 

P{6 


sum of 7} = P{(6,l)}/l/6 = 1/6 
sum of 8} = P{(6,2)}/5/36 = 1/5 
sum of 9} = P{(6, 3))/4/36 = 1/4 
sum of 10}= P{(6,4)}/3/36 = 1/3 
sum of 11}= P{(6,5)}/2/36 = 1/2 
sum of 12} = 1. 


3 聯- 3 1^ 8 } ，;二： 8} 


「 13) 

"39V 

' 5 Y 21 、 

/T 52 〕 





/W 



"13 


"52 、 




JUJ/ 




•339 


4. P{at least one 6 | sum of 12} = 1. Otherwise twice the probability given in Problem 2. 

5. 


6 5 9 8 
151413 12 


In both cases the one black ball is equally likely to be in either of the 4 positions. Hence the 
answer is 1/2. 


7. PI g and 1 & | at least one b] = = 2/3 


21 
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1/2 


n „ f/1 I。 i P{A = w 9 2w] 

9. P\A = w 2w\ = - 

P{2w} 

_ P{A = w, B = w, C ^ w} + P{A = w, B ^ w, C = w} 
— P{2w} 


123 

334 334 


J_2 3 22}_ 11 

234 + 334 + 334 


10. 11/50 


11. (a) P(B \a s )=^^-^ Y \^^ 

P(A S ) _2_ 17 

52 

Which could have been seen by noting that, given the ace of spades is chosen, the other 
card is equally likely to be any of the remaining 51 cards, of which 3 are aces. 


(b ) 哪 

P(A) 2 _4847 33 

_ 52 5l 

12. (a) (,9)(.8)(.7) = .504 

(b) Let Fi denote the event that she failed the /th exam. 

p(.e 2 \eo- 

, P{E a \e x E 2 E ,)： 


13. P(E0 

P(E 3 \E l E 2 ) = 
Hence, 


Vj 〔 48 、 


^h 2 )/ 

ll3 ； 


「 .496 



丫 39 〕 




3629 


f 2 Y 24 i 

/P 6 ) 




f 52 〕f 

iJW/ 



/(39\ 〔 2)(24 、 
1 12 / 13 1 1 12, 


14. 


5 7 7 9 35 

1214l6l8~768 
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15. Let E be the event that a randomly chosen pregnant women has an ectopic pregnancy and S 
the event that the chosen person is a smoker. Then the problem states that 

P(E\S) = 2P(E\S C ), P(S) = .32 

Hence, 

P(S\E)=P(SE)/P(E) 

_ P(E\S)P(S) 

P(E^S)P(S) + P(e\s c )P(S c ) 

_ 2P(S) 

~ 2P(S) + P(S C ) 

= 32/66 - .4548 


16. With S being survival and C being C section of a randomly chosen delivery, we have that 

.98 = P(S) = P(S I Q.15 + I C 2 ) .85 
= .96(.15) + P(5|C 2 ).85 


Hence 

P(S\C)^.9S35. 

17. P(D) = .36, P(C) = .30, P(C\D) = .22 

(a) P(DQ = P(D) P(C\D)= .0792 

(b) P(D\Q = P(DQ/P(Q = .0792/.3 = .264 


18. 


I 尸 (voted llnd)P(Ind) 

(a) P(Ind| voted) = 


^ 尸 (voted |type) 尸 (type) 

_.35(.46)_ 

.35(.46)+ .62(.3)+ .58(.24) 


331 


(b) 尸 {Lib I voted}= 


_.62(.30)_ 

.35(.46)+ .62(.3)+ .58(.24) 


-.383 


(c) 尸 {Con I voted}= 


.58(.24) 

.35(.46)+ .62(.3)+ .58(.24) 


-.286 


(d) 尸 {voted} = .35(.46) + .62(.3) + .58(.24) = .4862 
That is, 48.62 percent of the voters voted. 
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19. 


20 . 


Choose a random member of the class. Let A be the event that this person attends the party 
and let Wbc the event that this person is a woman. 


⑻ P(w\A) = 


P(A|W)P(W) 


P(A\W) P(W) + P(A\M )P(M) 
.48(.38) 


where M=W° 


•443 

.48(.38)+ .37(.62) 

Therefore, 44.3 percent of the attendees were women, 
(b) P(A) = .48(.38) + .37(.62) = .4118 

Therefore, 41.18 percent of the class attended. 

(a) P(F\Q = P(FC ) = .02/.05 = .40 
P(C) 


(b) P(C\F) = P(FQ/P(F) = .02/.52 = 1/26 - .038 


21. (a) Pfhusband under 25} = (212 + 36)/500 = .496 


(b) 尸 {wife over I husband over}= 尸 {both over }/P{ husband over} 

=(54/500)/(252/500) 

= 3/14 - .214 

(c) 尸 {wife over I husband under} = 36/248 - .145 


22 . 


6.5.4 _5 

6-6-6~9 



96 54 


23. 


P(w I w transferred}P{w tr.} + P(w \ R tr.}P{R tr .} = || + H = 


4 

9 


21 

P{w transferred |w}= 門 + 忆}尸 _•} = 早 =m 
P{w} 4 

9 
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5 the event that the two of clubs appeared among the first 20 cards. 

) = P(b\ QP(Q + P(b\ C)P(C) 

_ q 19 | 1 29 _ 29 
= 48 + 32 48 S ^36 

event that none of the final 3 balls were ever used and let B t denote the event that 
3 halls chosen had nrevionslv been used. Then. 








.Then, 

+ P(b\ B 2 )P(B 2 ) = (l/2)(l/2) = (2/3)(l/2) = 7/12 
_ (l/2)(l/2) _, /g 
P(W) ~ 5/12 _ 











call. Then 


P(N) 

P(N\C)P(C) 

P(N\C)P(C) + P(n\c c )P(C c 


(X+ —(1— (X) 


with strict inequality unless a= 1 . 


Let E be the event the child selected is the eldest, and let Fj be the event that the family has j 
children. Then, 


P(F.)P(£|F.) 

_ S ，， (中 

=_ PjiXU) _ 

=.l + .25(l/2) + .35(l/3) + .3(l/4) 

Thus, P(F l \E) = .24, P(F 4 \E) = A8. 


(a) P(E) = P(E\R)P(R) + P(E\R C )P(R C ) = .7(.7)+ .9(.3) = .76 


, P(E\R)P(R) 

(b) P(R\E)= ‘)、 = 49/76 


34. P(G\Q= —— j~ P ( C I G ) P (?) - = 54/62 

P(C\G)P(G) + P(C\G C )P(G C ) 


35. Let U be the event that the present is upstairs, and let M be the event it was hidden by mom. 
(a) P(U) = P(U \M)P(M) + P(U\m c )P(M c ) = .7(.6)+ .5(.4) = .62 


(b) P(M C \U C ) = P(dad|down) = P ( dow H d ^ P ( dad ) = = 10/19 
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36. P{C| woman}= 


P{women \C}P{C} 

P{women |a}P{A} + P{women \B}P{B} + 尸 {women \C}P{C} 


■ 5 225 + - 6 225 +jl ^ 2 


37. (a) P{fair|/z}= 


(b) P{fair|M}= 


38. P{tails|w}= 


15 2 _ 36 _ 36 


39. P{acc. I no acc.}= 


P{no acc., acc. 


-(■4)(.6) + -(.2)(.8) ! 
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41. 尸 {ace} = P{ace I interchanged selected} — 


+P{ace I interchanged not selected } 菩 

— t 1 | 3 26 _ 129 
27 5l27~ 51-27 • 


42. 


P{A I failure}= 


_(.02)(.5)__ 10 

(.02)(.5) + (.03)(3) + (.05)(.2) = 29 


43. 


P{2 headed | heads}= 


奎⑴ 4 



4 

9 


45. 


P{5th I heads}= 


尸 {heads |5* }P{ 5 th } 
^P{h\i th }P{i th } 


1010 




1010 


46. LetM and i 7 denote, respectively, the events that the policyholder is male and that the 
policyholder is female. Conditioning on which is the case gives the following. 




PiW \M)a+P(A l A 2 \F){\-a) 
a) 

p 2 m a+p](\-a) 

Pm a+ Pf {\-d) 


Hence, we need to show that 

p 2 m a+p 2 f [\-a) >{p m a+p^\- 
or equivalently, that 

p^a-a 2 ) + p 2 f [l- a-(l-a) 2 ] > 2a(l - d)pg) m 
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Choose a person at random 

尸 {they have accident} = P{acc. | good} 尸 {g} + 尸 {acc. | ave.}P{ave. 
+ P{acc. I bad P(b)} 

=(.05)(.2) + (.15)(.5) + (.30)(3) = .175 

P{A is good I no accident} = 

P{A is average I no accident}= ( 別 )(.5) 


Let R be the event that she ] 


⑻ P{R) = P(R I strong) 尸 (strong) + P(R \ moderate) 尸 (moderate) + P(R \ weak) 尸 (weak) 
= (.8)(.7)+ (.4)(.2)+ (.1)(.1) = .65 


(b) P(strong | R ) : 


P(R\ strong)P(strong) 

P(R) 

(.8)(.7) 56 


尸 (moderate \R)= 一，尸 (weak \R )= 一 
65 65 


(c) P(strong I R c )= 


P(/? c | strong) 尸 (strong) 

P(F~) 

(•2)(.7) _ 14 
.35 ~35 


尸 (moderate \r c ) = 善，尸 (weak \r c )= 

Let M, r, W, Th 9 F be the events that the mail is received on that day. Also, let A be the event 
that she is accepted and/? that she is rejected. 

⑻ P(M) = P{M\ A)P{A) + P(M\ R)P(R) = (• 15)(.6) + (.05)(.4) = .11 
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㈣ l，)=: 

_ P(T I A) P(A) + P(T\R)P(R) 
_ l-P(M) 

=(.2)(.6)+ (.1)(.4) 16 
— ^89 89 


(c ) 尸 


P(M C T C W C \A)P(A) 

P(M C T C W C ) 


(l-.15-.20-.25)(.6) _ 12 
(.4)(.6)+ (.75)(.4) = 27 


⑹尸 04 I 770 = 


P(Th\A)P(A) 
~~ P(Th )""" 


(.15)(.6) _ 3 

"(.15)(.6) + (.15)(.4) ~5 


(e) P(A I no mail)= 


尸 (no mail|A)P(A) 
P(no mail) 

C15X.6) 9 

(.15)(.6)+ (.4)(.4) ~25 


53. Let W and F be the events that component 1 works and that the system functions. 

PQVl 巧 尸 ㈣ = 1/2 

P(F) l-P(F c ) 1-(1/2 广 1 

55. P{Boy, F] = P{Boy) = 

16+ x 16 +x 

so independence => 4 = ^ =^> 4x = 36 or x= 9. 

16 +x 

A direct check now shows that 9 sophomore girls (which the above shows is necessary) is 
also sufficient for independence of sex and class. 

56. 尸 {new } 二 XP{new | type i}p t = S(1 _ P, 广 1 A 


P{F} = 


16+ x 
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57. ⑻ 2p(l -p) 



(c) P{up on first I up 1 after 3} 

= 尸 {up first, up 1 after 3}/[3p\l -p)] 

=p2p(l-p)/[3p 2 (l-p)]=2/3. 

58. (a) All we know when the procedure ends is that the two most flips were either H, T, or T, H. 

Thus, 

尸 (heads) = P(H, t\h, Tor T,H) 

P(H,T) _ p{\-p) = 1 

' P(H,T) + P(T,H)~ p(l-p) + (l-p)p ' 2 

(b) No, with this new procedure the result will be heads (tails) whenever the first flip is tails 
(heads). Hence, it will be heads with probability I -p. 

59. (a) 1/16 

(b) 1/16 

(c) The only way in which the pattern H, H, H, H can occur first is for the first 4 flips to all 

be heads, for once a tail appears it follows that a tail will precede the first run of 4 heads 

(and so T, H, H, H will appear first). Hence, the probability that T, H, H, H occurs first is 

15/16. 

60. From the information of the problem we can conclude that both of Smith’s parents have one 
blue and one brown eyed gene. Note that at birth, Smith was equally likely to receive either a 
blue gene or a brown gene from each parent. Let X denote the number of blue genes that 
Smith received. 


⑻ P{ Smith blue gene }=P{X= l\x<l}= =2/3 


(b) Condition on whether Smith has a blue-eyed gene. 

尸 {child blue} = P{blue | blue gene}(2/3) + P{blue | no blue}(1/3) 
=(l/2)(2/3) = 1/3 


(c) First compute 

I 尸 {child brown ISmith blue} 2/3 

尸 {Smith blue I child brown} = - ^ - !_ 

= 1/2 


Now condition on whether Smith has a blue gene given that first child has brown eyes. 
P{second child brown} = P{brown | Smith blue} 1/2 + 尸 {brown | Smith no blue} 1/2 
=1/4 + 1/2 = 3/4 
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61. Because the non-albino child has an albino sibling we know that both its parents are carriers. 
Hence, the probability that the non-albino child is not a carrier is 

P(A, A I A, a or a, A or A, A) = ^ 


Where the first gene member in each gene pair is from the mother and the second from the 
father. Hence, with probability 2/3 the non-albino child is a carrier. 


(a) Condition on whether the non-albino child is a carrier. With C denoting this event, and 
Oi the event that the offspring is albino, we have: 

Pm = P{O x \ C)P(Q + P(0A C)P{C) 

=(l/4)(2/3) + 0(1/3) = 1/6 

⑻轉)=纖 

P{p[0 2 |C)P(C) + P{0 C X 0 2 \c c )P{C c ) 

= Jil 

=(3/4)(l/4)(2/3) +0(1/3)^ 3 

~ JJl ~20 


62. 


63. 


(a) P{both hit | at least one hit} 


P{both hit} 

尸 {at least one hit} 


= PiP2,(l -㈣ 2 ) 


(b) P{Barb hit | at least one hit} = pi/(l - qiq 2 ) 

Qi = 1 - p h and we have assumed that the outcomes of the shots are independent. 


Consider the final round of the duel. Let q x = l-p x 


(a) P{A not hit} = P{A not hit | at least one is hit} 

= P{A not hit, B hit}/P{at least one is hit} 
= ⑽ a/(1 - <Mb) 

(b) 尸 {both hit}= 尸 {both hit I at least one is hit} 

=P{both hit}/P{at least one hit} 

= PaPb/(1_ <Mb) 


(c) {qA<lB) n kl - (JaQb) 

(d) P{n rounds | A unhit} =P{n rounds, A unhit}/P{A unhit} 

^bPa^-^a^b) 

= (q A q B ) n -\l-q A qB) 
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(e) P(n rounds I both hit} = P{n rounds both hit}/P{both hit} 

PbPa^-^b) 

= {qAq B r\l-qAq B ) 

Note that (c), (d), and (e) all have the same answer. 

64. If use (a) will win with probability p. If use strategy (b) then 

尸 {win}= 尸 {win I both correct}p 2 + P{win | exactly 1 correct} 2 p(l -p) 

+ P{win I neither correct}(1 -p ) 1 

= p 2 +p(\-p) + 0 = p 

Thus, both strategies give the same probability of winning. 

65. (a) P{correct | agree} = P{correct, agree}/P{agree} 

' =p 2 /[p 2 +(i-pf] ' 

= 36/52 = 9/13 when p = .6 

⑻ 1/2 

66 . (a) [7-(1- P,P 2 )(1 - P 3 P 4 m = (P 1 P 2 + P 3 P 4 - PiPiPiPdPs 

(b) Let £1 = {1 and 4 close}, £ 2 = {1, 3, 5 all close} 

E 3 = {2, 5 close}, E 4 = {2, 3, 4 close}. The desired probability is 

67. P(E X uE 2 uE 3 uE 4 ) = P(£0 + P(E 2 ) + P(E 3 ) + P(E 4 ) - PiE^) - PiE^) - PiE^) 

- P(E 2 E 3 ) - P(E 2 E 4 ) + P(E 3 E 4 ) + P(E 1 E 2 E 3 ) + PiE^E,) 

+ PiExE^) + P(E 2 E 3 E 4 ) - PiE^E^) 

=P^ + P1P3P5 + P2P5 + P2P3P4 - PiPsP^s - P1P2P4P5- P1P2P3P4 
- PiPiP 3 P 5 - PiP 3 PaP 5 - IP^PiP.P^ + 3 P l P 2 P 3 P^ 5 , 

(a) PiP 2 (l - P 3 XI-P 4 ) + Pi(l- P 2 )P 3 (1 - P 4 ) + Pi(l- P 2 (l- P 3 )P 4 
+ PlP^ - Pl)(l~Pd + (1 _ ^ 1 )^ 2 (! - P 3 )P4 + (1 - ^l)(l - Pl)P 3 P4 
+ PlP 2 P 3 (l-P 4 ) + PlPlil - P 3 )P 4 + Pl(l~ P 2 )P 3 P 4 + (1 _ Px)PiP,Pa + P1P2P3P4. 

(c) 验 a -，， 
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(b) 1/18 

71. P{Braves win} =P{b\b wins 3 of 3} 1/8 + P{B | B wins 2 of 3} 3/8 

+ P{b\b wins 1 of 3} 3/8 + P{b\b wins Oof 3} 1/8 

1 3「1 1 3l 3 3 1 38 

= — I —- 1 — H —- = 

8 8L42 4」8 42 64 

where P{B \b wins i of 3} is obtained by conditioning on the outcome of the other series. 
For instance 

P{B|fiwin2of3} =P{s|DorGwin3of3,Bwin2of3} 1/4 
= P{B|DorGwin2of3,Bwin2of3} 3/4 

11 3 

= - + — . 

2 4 4 


the probabilities must sum 









other members of S.C. other council members 
both for 3 or 4 against 

one for, one against at least 2 for 

one for, one against at least 2 for 

both for 3 of 4 against 

尸 {decisive} = p 3 4p(l -pf + p 2 p{\ -p){6p\\ -pf + 4p 3 (l -p)+p 4 ) 

+ (1 -p)2p(l -p)(6p 2 (l -pf + 4p\l -p) +/) 

+ (l- j p)p 2 4 p(l- j p) 3 . 

73. (a) 1/16, (b) 1/32, (c) 10/32, (d) 1/4, (e) 31/32. 

74. Let P A be the probability that A wins when A rolls first, and let P B be the probability that S 
wins when S rolls first. Using that the sum of the dice is 9 with probability 1/9, we obtain 
upon conditioning on whether A rolls a 9 that 




Pb = 


5 31 

元 + 元 


(1 - 尸 A) 


Solving these equations gives that P A = 9/19 (and that P B = 45/76.) 



ip{E\A)^ + P{E\A c )^ 


= 2 -^- + 0- =3/4 
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(b) Using the preceding notation 


| A ) 吾 +神。 吾 


Condition on outcome of initial trial 

P(E before F) = P(EbF\E)P(E) + P(EbF\F)P(F) 

+ P(EbF\ neither£orF)[l - P(E)~ P(F)] 
=P(E) + P(Eb F)(l- P{E)~ P(F)]. 


P(EbF)= — ^ — . 

P(E) + P(F) 

(a) This is equal to the conditional probability that the first trial results in outcome 1 (F{) 
given that it results in either 1 or 2, giving the result 1/2. More formally, with L 3 being 
the event that outcome 3 is the last to occur 




(b) With S\ being the event that the second trial results in outcome 1, we have 




78. 


(a) Because there will be 4 games if each player wins one of the first two games and then one 
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79. Each roll that is either a 7 or an even number will be a 7 with probability 

P ( 7 ) - 1/6 - 171 
P(7) + P(even) 1/6 + 1/2 

Hence, from Example 4i we see that the desired probability is 
^f 7 \l/4y(3/4) 7_, ' = 1 - (3/4) 7 - 7(3/4) 6 (l/4) 


80. (a) P(Ad = (l/2)\ if i<n 

= (1/2)" -1 , if i = n 


(b) 


^^i(l/2y+n(l/2r 


2 n - I 2 

(c) Condition on whether they initially play each other. This gives 


„ 1 T-2( lY „ 


where I— I is the probability they both win given they do not play each other. 


(d) There will be 2 n - 1 losers, and thus that number of games. 


(e) Since the 2 players in game i are equally likely to be any of the I ^ I pairs it follows that 


m)= 


(f) Since the events B t are mutually exclusive 


P ⑽ )= 5>(尽)=(2«一 1)/ 2 =(1/2，- 


81. 


L-(9/ll) 15 

l-(9/ll) 30 


82. ⑻尸⑷ = 杧 +(1- 杧 )[(1- 尸 2 2 )~1)] orP(A)= p2 + ^2 

(c) similar to (a) with Pf replacing . 
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(b) and (d) Let denote the probability that A wins when A needs i more and S needs j 

more and A(B) is to flip. Then 

Py = P 1 P i _ lJ + 

P ij = P 2 P. j _ l+ (l-P 2 )I> j . 


These equations can be recursively solved starting with 
P 01 = 1, Pi, 0 = 0. 

83. (a) Condition on the coin flip 

P{throw n is red} = — 

26 26 2 


㈣ I 小眾 



5 


(c) P{A I rr )= 



= 4/5 


84. 


(b) 尸 (A wins): 
P(B wins)= 
P(Cwins) = 


4_ _8_7__6_4 _8_J7__6_5434 _8_^__6_543 
12 T 2 TTI 09 12lTl0987 6 12THOM'S? 
84 8 7 6 54 8 7 6 543 24 

12TT I 2 TTI 09 8 12TTIo9 8"7 6 5 

_8_7__6_544 _8_7__6_543 2j_ 

I 2 TT 10 iITTm 石 ¥7 12lTl09 8 7 65 


85. Part (a) remains the same. The possibilities for part (b) become more numerous. 

86 . Using the hint 

P{AcB}= g(2 I '/2")^y2" = gQ2 ! '/4" = (3/4)" 
where the final equality uses 

客⑺ 2 ; 广 =(2+1)” 
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(b) P(AB = ^) = P(A c B c ) = (3/4) n ，by part (a), since B c is also equally likely to be any of the 
subsets. 

87. 尸 I all heads }= 广丫 . 

7=0 

88. No — they are conditionally independent given the coin selected. 

89. (a) P(J 3 votes guilty | J\ and/ 2 vote guilty} 

= P{Ju Ji, J 3 all vote guilty}/P{/i and/ 2 vote guilty} 

97 
142* 

(b) P(J 3 guilty I one of J u Ji votes guilty} 

i ^(.7)2(.7)(.3) + i ^(2.)2(.2)(.8) 

_ _UJ_1U_ _ 

^2(.7)(.3) + i |2(.2)(.8) 26 

(c) P{J 3 guilty I J u J 2 vote innocent} 

^(. 7 )(. 3) 2 + ] | ( . 2)( . 8)2 ^ 

_ -(.3) 2 + -(.8) 2 _102 _ 

10 10 

E t are conditionally independent given the guilt or innocence of the defendant. 

90. Let Ni denote the event that none of the trials result in outcome /, i = 1, 2. Then 

P(^uiV 2 ) = Pm + P(N 2 ) - P(N 錦 

=(i + -p 2 f -(i -pi-pi) n 

Hence, the probability that both outcomes occur at least once is 
1 — (1 —p\) n — (1 — pjf + (poT • 


io ( - 7 )+ io ( - 2) 


10 ( . 7) - + 10(.2) 
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Theoretical Exercises 

1 = ^ 


P(AB) 

P(AuB) 


= P(Ab\AkjB) 


2 . IfAcB 


3. 


P(Mb)=^-,P(a\b c ) = 0, 


P(B\A) = l, 


P(b\a c ) = 


P(BA C ) 

P(A C ) 


Let F be the event that a first bom is chosen. Also, let S t be the event that the family chosen 
in method a is of size i. 


P a (F)=^P(F\S i )P(S i )^ 1 -^- 



Thus, we must show that 

i i 

or, equivalently, 

i J i J 


i^j J 择 j 


Considering the coefficients of the term shows that it is sufficient to establish that 

Ui>2 

J i 

or equivalently 
i 2 + / > 2 ij 

which follows since (i - j) 2 > 0. 
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event 


P(Bj\Nd = 


P(Ar,.|B.)P(S.) 

PiN^PiB^ + PiN^PiB^) 

--- ifj^i 

{\-a i )P i +\-P i 

(1 -明 if j = i 


5. None are true. 


P u^. Ul-P Ui-nti-m,-)] 


(a) They will all be white if the last ball withdrawn from the urn (when all balls are 
withdrawn) is white. As it is equally likely to by any of the n + m balls the result follows. 

(b) P(RBG)= — 呈 — P(RBG I G last )= —呈 - —. 

r+b+g 1 r+b+gr+b 

TT bs b £ 

Hence, the answer is --- + - . 

(r + b){r + b + g) r + b + g r+ g 

(a) P(A) = P(A I C)P(0 + P(A\ C c )P{C c ) > P(b\ QP(Q + P(b\ C c )P(C c ) = P(B) 

(b) For the events given in the hint 

p ( a|q= p(c I a)p(a) = _ /6) = 1/3 

3/36 3/36 

Because 1/6 = P(A is a weighted average of P(A \ C) and P(A \ C 0 ), it follows from the 
result P(A\Q> P(A) that P{A \ C c ) < P{A). Similarly, 

1/3 = P(B\Q> P(B)> P(B\C C ) 

However, P(AB lo = 0< P(Ab\ C c ). 

P(A) = P(B) = P(Q = 1/2, P(AB) = P(AQ = P(BQ = 1/4. But, P(ABQ = 1/4. 


10. P(A Uj ) = 1/365. For i^j^k, P(A Uj A jk ) = 365/(365)" = 1/(365) . Also, for i^j^k ： 
P{A itj A k , r ) = l/(365) 2 . 


(1 -p) n > 1/2, or, n > 


Copyright © 2010 Pearson Education, Inc. Publishing as Prentice Hall. 




Chapter 3 


43 


12 . 


/-I oo 

a t ]^(l-a ; ) is the probability that the first head appears on the flip and (1 - a, ) is the 

7=1 i=l 

probability that all flips land on tails. 


13. Condition on the initial flip. If it lands on heads then A will win with probability P n -\,m 
whereas if it lands tails then B will win with probability P m n (and so A will win with 
probability 1 - P m ， n ). 

14. Let N go to infinity in Example 4/. 


P{r successes before m failures} 

=Pfr* success occurs before trial m + r) 


=s 


\p(x-pr 


16. If the first trial is a success, then the remaining n - 1 must result in an odd number of 

successes, whereas if it is a failure, then the remaining n - 1 must result in an even number of 
successes. 


17. P x = 1/3 

P 2 = (l/3)(4/5) + (2/3)(l/5) = 2/5 

P 3 = (l/3)(4/5)(6/7) + (2/3)(4/5)(l/7) + (1/3)( 1/5)( 1/7) = 3/7 

尸 4 = 4/9 


(b) P -^TT 

(c) Condition on the result of trial n to obtain 


Pn = ^~ Pn - l) ^Tx +Pn -^\ 


(d) Must show that 

n _「i n-\ 1 1 ^ n-l 2n 

2n + l~[ ~ 2n-l\2n + l + 2n-l2n + \ 

or equivalently, that 

n _ n 1 n-l 2n 
2n + l 2n-l 2n + l 2n-12n + l 


But the right hand side is equal to 

n + 2n(n — 1) n 
{2n-\){2n + \)~ 2n + \ 
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18. Condition on when the first tail occurs. 


19. P n ,i = Pn-l,i+l + (1 - P)P n -U-\ 

20. o^ + i = 0^ + (1-OnXl-p 1 ) 

P n =a r p + (l- oOp 1 

21. (b) P n i = P{A receives first 2 votes} = ^ — ~ — = - ~~ - 

(n + Y)n n + l 

P n l = P{A receives first 2 and at least 1 of the next 2} 
_ n w-1 T 2.1 n-2 

n + 2 n + l[ n{n -1) J n + 2 

/ 、 d n-m ^ 

(c) P n ,m= - 9 n>m. 

n + m 


(d) P n , m = P{A always ahead} 

= P{A always | A receives last vote} —-— 
n + m 

+ P{A always | B receives last vote} —^ — 
一 n + m 

n m n 

=—[ — P n-hm + —— P n ,m-\ 

n+m n+m 


(e) The conjecture of (c) is true when n + m=l (n=l,m = 0). 

Assume it when n + m = k. Now suppose that n + m = k+ 1. By (d) and the induction 
hypothesis we have that 

^ n n-l — m m n — m + \ n — m 

Pn,m= --- + - 7 -- 

n + m n-l + m n + m n + m-l n + m 


which completes the proof. 


P n = P n . x p + {\-P n .{){\-p) 

= {2p-\)P n _ x + (l-p) 

= (2/7 _ 1)[| +1(2/7-l)”- 1 ] + 1 -p by the induction hypothesis 


_ 2p-\ 


-i2p-\) n +\-p 


^2 + 2 (2 ^ 1)n - 
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27. Eu 五 2 , ••” E n are conditionally independent given F if for all subsets iu i r of 1, 2, ...,n 

p K- E iM)=ti p { E h \ F y 

7=1 

28. Not true. LetF = £'i. 

29. Pjnext m heads | first w heads} 

=P{first n + m are heads}/P(first n heads} 

= ]p n+m d P /\p^p^-^. 
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Problems 



P{X = 0} = 



91 


P{X=2} = 



P{X = -l} = 



16 

91 



2. 

p(l)= 1/36 

p(5) = 2/36 

p(9) = 1/36 

p(15) = 2/36 

p(24) = 2/36 


p(2) = 2/36 

;?(6) = 4/36 

p(10) = 2/36 

p(l6) = 1/36 

p(25) = 1/36 


p(3) = 2/36 

； H7) = 0 

/HI 1) = 0 

p(18) = 2/36 

p(30) = 2/36 


p(4) = 3/36 

p(8) = 2/36 

p(l2) = 4/36 

p(20) = 2/36 

p(36) = 1/36 


m =1} = 1/2 , m = 2} = -- = - 




P{X=4} = 
P{X=6} = 


5 _± 35 _ 

10987 
5.4.3.2.1 _ 1 
10-9-8-7-6 = 252 




5 

252 5 


5. n-2i, i = 0, 1, n 

6. P(X = 3} = 1/8, P{X=l} = 3/8, P{X = -l} = 3/8, P{X = -3} = 1/8 

8. (a) p ⑹褚 - (5/6) 2 = 11/36, ^(5) = 2 1/6 4/6 + (1/6) 2 = 9/36 

p(4) = 2 1/6 3/6 + (1/6) 2 = 7/36, p(3) = 2 1/6 2/6 + (1/6) 2 = 5/36 
p(2) = 2 1/6 1/6 + (l/6) 2 = 3/36, p(l)= 1/36 

(d) p(5)= 1/36, p(4) = 2/36,p(3) = 3/36, p(2) = 4/36, p(l) = 5/36 
p(a) = 6/36,pH)^m ， j>0 


47 
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333 Q 

11. (a) 尸 {divisible by 3}= 二 ^ P{divisible by 105} = 

J 1000 〕 1000 

P{divisible by 7 }= ⑷ 

1000 

P{divisible by 15 }= 的 
J 1000 

In limiting cases, probabilities converge to 1/3, 1/7, 1/15, 1/10 

(b) P{ju(N) 关 0} = P{A^is not divisible by pf ,i>l} 

= r [ 尸 {iV is not divisible by pf } 


13. p(0) = P{no sale on first and no sale on second} 

=(.7)(.4) = .28 

p(500) = P{ 1 sale and it is for standard} 

= P{lsale}/2 

=[P{sale, no sale} + P{no sale, sale}]/2 
=[(.3)(.4)+ (.7)(.6)]/2 = .27 

p(1000)= P{2 standard sales} + P{1 sale for deluxe} 

= (.3)(.6)(l/4) + P{lsale}/2 
= .045+ .27 = .315 

p(1500)= P{2 sales, one deluxe and one standard} 

=(.3)(.6)(l/2) = .09 

p(2000)= P{2 sales, both deluxe} = (.3)(.6)(l/4) = .045 

14. P{X = 0}= 尸 {1 loses to 2} = 1/2 

P{X = 1} = P{of 1, 2, 3: 3 has largest, then 1, then 2} 

=(l/3)(l/2) = 1/6 ^ 

P{X = 2} = P{of 1, 2, 3, 4: 4 has largest and 1 has next largest} 
=(l/4)(l/3) = 1/12 i i 

P{X =3}= P{of 1,2, 3, 4, 5: 5 has largest then 1} 

=(l/5)(l/4) = 1/20 

P{X = 4} = P{ 1 has largest} = 1/5 
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P{X= 1) = 11/66 




㈣ 卜 siM 鋪 

k 本 j 

r n 

^42 + j + k 

3 

尸 {X = 4} = 1- $ 尸 {X=l} 

i=l 


P{Y l = i}= 1 ^ 
oo 

p[Y2=i}= ^{^l^) 
— 鋪 

( 11 

[42 + k + j 


All sums go from 1 to 11, except for prohibited values. 


20 . 


(a) P{;c > 0} = P{win first bet} + P{lose, win, win} 
=18/38 + (20/38)(18/38)、.5918 


(b) No, because if the gambler wins then he or she wins $1. 

However, a loss would either be $1 or $3. 

鋪 E[X] = 1 [18/38 + (20/38)(18/38) 2 ] - [(20/38)2(20/38)(18/38)] - 3(20/38)、-.108 


21. (a) E[X\ since whereas the bus driver selected is equally likely to be from any of the 4 buses, 

the student selected is more likely to have come from a bus carrying a large number of 
students. 


(b) P{X=i} = i/148, i = 40, 33, 25, 50 

E[X] = [(40) 2 + (33) 2 + (25) 2 + (50) 2 ]/148 « 39.28 
E[Y] = (40 + 33 + 25 + 50)/4 = 37 

22. Let denote the number of games played. 

(a) E(N) = 2[p 2 + (\-p) 2 ] + 3[2p(l -p)] = 2 + 2p(l-p) 

The final equality could also have been obtained by using that N=2 + ] where / is 0 if 
two games are played and 1 if three are played. Differentiation yields that 

—E[N]^2-4p 

dp 

and so the minimum occurs when 2 - 4p = 0 or p = 1/2. 
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(b) E[N] = 3[p 3 + (1 -pf + 4[3p 2 (l -p)p + 3p(l -pfa ~P)] 
+ 5[6p 2 (l -pf = 6p 4 - I2p 3 + 3p 2 + 3p + 3 


Differentiation yields 


—E[N] = 24p 3 - 36p 2 + 6p 
dp 


Its value at p = 1/2 is easily seen to be 0. 


23. (a) Use all your money to buy 500 ounces of the commodity and then sell after one week. 

The expected amount of money you will get is 


£[money] = -500 +-2000 = 1250 


(b) Do not immediately buy but use your money to buy after one week. Then 


^[ounces of commodity] = —1000+ —250 = 625 


24. (a) p-(l-p)- = -p-3/4 9 (b) + p)2 = -—-p + 2 

4 4 4 4 

-p- 3/4 = p + 2=> p = ll/18, maximum value = 23.72 

4 4 


(c) q-—(l-q) (d) ^ + 2(1 - q ), minimax value = 23/72 

attained when q = 11/18 


(a) P(X = 1) = .6(.3) + .4(.7) = .46 

(b) E[X\ = 1(.46) + 2(.42) = 1.3 


C-Ap=-^C^A\ P + - 


3 -Yo = 3/5 
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30. £[Z]= ^2" (1/2)" =oo 

n=l 

(a) probably not 

(b) yes, if you could play an arbitrarily large number of games 

31. 五 [score] = p*[l ~(l-P) 2 + (l-p 2 ) 

^- = 2(1 -p)p*-2p(l -〆 ） 
dp 

= 0^p=p^ 

32. If r is the number of tests needed for a group of 10 people, then 

E[T] = (,9) 10 +11[1- (,9) 10 ] = 11- 10(.9) 10 


f Y" ic thp ammint that vrm win 



Var(A0 = Var(/) = E[I\ 2 - E\l\ 

Now, E[lf = E[I} =P{I=l}=2p{l-p}and so 

Var(A0 = 2p(l __p)[l _ 2p(l - p)] = Sp 3 - 4p 4 - 6 p 2 + 2p 

Differentiation yields 

—Var(AT) = 24p 2 - I6p 3 -l2p + 2 

dp 


52 


37. E[X 2 ] = [(40) 3 + (33) 3 + (25) 3 + (50) 3 ]/148 = 1625.4 

\ar(X = E[X 2 ] - (£[X|) 2 - 82.2 

E[Y 2 ] = = [(40) 2 + (33) 2 + (25) 2 + (50) 2 ]/4 = 1453.5, Varr(y) = 84.5 

38. (a) £[(2 + X) 2 ] = Var(2 +X) + (E[2 + X]) 2 = Var(Z) +9=14 
(b) Var(4 + 3X) = 9 Var(X) = 45 


39. 

f4\ 

(1/2) 4 =3/8 

40. 

^ 5 ^ 

(1/3) 4 (2/3)* +(l/3) 5 = 11/243 


VV 


l 4 J 


41 W) i,2)W 

42 . ( 1-^)+/>^^ 2 a - P )+ P 3 

o 6/ - I5p 2 + 12p - 3 > 0 
o6(p- l/2)(p - l) 2 > 0 
o p > 1/2 
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46. Let C be the event that the jury is correct, and let G be the event that the defendant is guilty. 
Then 

P(C) = P(c|g)P(G) + P{c\g c )P{G c ) 

3 8 

=X (.2) ; (.8) 12 _ ! . (.65) + E (. lV (.9) 12 - ; (.35) 

i=0 i=0 

Let CV be the event that the defendant is convicted. Then 
P(CV) = P(CV |g)P(G) + P(CV |g c )P(G c ) 

= X(.2) ! ' (.8) 12 -’ (.65) + fl-X(- 1 ) i (.9) 12_i (.35)] 

i=0 V i=0 J 

= X(.2) ! ' (.8) 12 - ; (.65) + 堂 (.I)，. (.9) 12 - ( '(.35) 


47. (a)and(b): (i) g^'d-p) 9 ' ! ', (ii) 客 0(1_ 妁 8 ' 

(iii) _p) 7_I where p = J in (a) andp = .3 in (b). 

48. The probability that a package will be returned is p = l - (.99) 10 - 10(.99) 9 (.01). Hence, if 
someone buys 3 packages then the probability they will return exactly 1 is 3p(l -p). 


49. O 3 


+ 2l 


|.7 7 .3 3 


⑻ 


W_6 3 + 2 力 3 
^5 


50. (a) P{H,T,T\ 6 heads} 


(b) P{T,H, r|6heads} 


= P(H, T, T and 6 heads}/P{6 heads} 

= P{H, T, T}P{6 heads | H, T, T}/P{6 heads} 

.10、 


= 1/10 


A 4 


= P(T, H, Tand 6 heads}/P{6 heads} 

= P{T,H, T}P{6 heads | T, H, T}/P{6 heads} 

,m ” /m 6q4 


= 1/10 
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51. (a) e - ' 2 (b) l-e~ 2 - .2e~ 2 =1-1 le' 1 

Since each letter has a small probability of being a typo, the number of errors should 
approximately have a Poisson distribution. 

52. (a) 1 - e" 35 - 3.5e -3 ' 5 = 1 - 4.5e -3 - 5 
(b) 4.5e _3 . 5 

Since each flight has a small probability of crashing it seems reasonable to suppose that 
the number of crashes is approximately Poisson distributed. 

53. (a) The probability that an arbitrary couple were both bom on April 30 is, assuming 

independence and an equal chance of having being bom on any given date, (1/365) 2 . 
Hence, the number of such couples is approximately Poisson with mean 80,000/(365) 2 - 
.6. Therefore, the probability that at least one pair were both bom on this date is 
approximately 1 - e~' 6 . 

(b) The probability that an arbitrary couple were bom on the same day of the year is 1/365. 
Hence, the number of such couples is approximately Poisson with mean 80,000/365 - 
219.18. Hence, the probability of at least one such pair is 1 - e ~ 21918 « l. 

54. (a) e— 11 (b) 1- e— 11 - lie 11 = 1 - 一 11 


55. 



56. The number of people in a random collection of size n that have the same birthday as yourself 
is approximately Poisson distributed with mean n/365. Hence, the probability that at least 
one person has the same birthday as you is approximately 1 - e— n/365 . Now, e~ x = 1/2 when 

x = log(2). Thus, 1 - e~ n,365 > 1/2 when n/365 > log(2). That is, there must be at least 365 
log(2) people. 

3 2 , 17 _ 9 . 

57. (a) l-e- 3 -3e- 3 -e~ 3 Y^ l ~Y e 


(b) P{X>3|X> 1}= 


P{X>3} 

P{X>1} 



59. (a) 1 - e m 

(b) 公 _ 1/2 

(c) 

2 2 
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(/，/) is a success with probability p\ • By the Poisson paradigm the number of trial 
pairs that result in successes will approximately have a Poisson distribution with mean 

SZ^ 2 =n(n_ 1 ) X ^ 2/2 

i<j k=l k=l 

and so the probability that none of the trial pairs result in a success is approximately 
exp (- _-l0 2 /2). 




64. (a) 1 - 文 d " ! 5 


(b) i-(i- p y 2 -i2p(i- p y 

(c) (i -pi~ x p 


65. (a) l-e~ 


(b) P{X>2\X>1} = 


■e 一 1/2 - 丄 e 一 1/2 
2 


(d) 1-exp {-500-/)/1000} 


66. Assume n>\. 


2n-2 

(c) exp{-2n/(2n- 1)} 
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67. 


Assume n> 1. 


⑻三 


(b) Conditioning on whether the man of couple j sits next to the woman of couple i gives the 


result: 


_J_ 1_ n-2 2 _ 2n-3 

n-ln-l n-l n-\ (n - 1) 2 


(C) e_2 


68 . exp(-l(k _5 } 


69. With Pj equal to the probability that 4 consecutive heads occur within j flips of a fair coin, P\ 
=P 2 = 尸 + 3 = 0, and 


P 4 =l/16 

P 5 = (l/2)P 4 +l/16 = 3/32 

P 6 = (1/2)P 5 + (1/4)P 4 + 1/16=1/8 

P 7 = (1/2)P 6 + (1/4)P 5 + (1/8)P 4 + 1/16 = 5/32 

P 8 = (1/2)P 7 + (1/4)P 6 + (1/8)P 5 + (1/16)P 4 + 1/16 = 6/32 

P 9 = (1/2)P 8 + (1/4)P 7 + (1/8) 尸 6 + (1/16)P 5 + 1/16 = 111/512 

Pio = (1/2)P 9 + (1/4)P 8 + (1/8)P 7 + (1/16)P 6 + 1/16 = 251/1024 = .2451 


The Poisson approximation gives 

Pio - 1 - exp{-6/32 - 1/16} = 1 - f . 25 = .2212 

70. e~ M +(l- e~ M )p 



(b) 


26 V 12 

38"J 38 


72. 


P{wins in i games}= 



73. Let be the number of games played. Then 

P{AT = 4} =2(l/2) 4 = 1/8, P{A^=5} = 2^j(l/2)(l/2 ) 4 = 1/4 

P{A^= 6 } = 2^j(l/2) 2 (l/2 ) 4 - 5/16, P{N=1}= 5/16 

E[N] = 4/8 + 5/4 + 30/16 + 35.16 = 93/16 = 5.8125 
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Let Xi be the number of accidents that occur on highway i. Then 


e[x 1 + x 2 + x 3 ]^e[x 1 ]+e[x 2 ]+e[x 3 ]^i.5 

Let Xi equal 1 if box i does not have any balls, and let it equal 0 otherwise. Then 

寺 a ) 1 。 

L i=\ 」 i=l i=l i=l 

Let Yi equal 1 if box i has exactly one ball, and let it equal 0 otherwise. Then 

咖士 $ 寺 i 10 灼 ( i i , 

L i=l 」 i=l i=l i=l 
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Theoretical Exercises 

1. Let E t = {no type i in first n selections} 

P{T>n) = 

=Sd-a-SSd-w+SSSd- 。 - 朽， 

i I<J i<j<k 

… + 


P{T=n} =P{T>n-l}-P{T>n} 

2. Not true. Suppose P{X =b} =e>0 and b n = b+ l/n. Then lim P(X <b n } = P{X <b}^ 

P{X<b}. 

3. When a> 0 

P{aK + j3<x}= 

{ a 

When a< 0 

P{dK+B<x}= 1 

[ a J h^o + y a / 

4. = ^^PiN^k} 

i=l / =1 k=\ 

= YY,P{N-K} 

k=l 1=1 

= 文 kP{N 二 k} = E[N]. 

k=l 



5 . 文 iP{N>i} = H{N:k} 

1=0 i=0 k=i+l 

= ±P { N^k}^i 

k=\ i=0 

= ^P{N^kKk-l)k/2 

k=\ 

二 i ^PiN = k] ~^kP{N - k}] 2 
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6. E[c x ] = cp + c _1 (l ~P) 

Hence, 1 = E[c x ] if 
cp + c _1 (l -p) = 1 
or, equivalently 

pc 2 - c + 1 -p = 0 
or 

(pc - 1 + p)(c- 1 ) = 0 
Thus, c = (1 一 p)lp. 

7. £■[}"] = E[X/a- ju/d\ = —E[X] - ju/cr= ju/a- ju/a=0 

a 

Var(Y) = (l/df Var(X) = o 2 /o 2 =l. 

8 . Let/ equal 1 if X = a and let it equal 0ifX = b, then 

X=a + 、 b-d)I 

yielding the result 

Var(X) = (b- a) 2 Var(/) = (b- a) 2 p(l-p) 


9. i=^p(z=o=xMy(i-pr ! ' 

1=0 1=0 V ^ / 

If x and 3 ； are positive numbers, then letting p = —-— , gives 

x + y 

or, upon multiplying both sides by (x + y) n , that 

㈣ ”谢 


Chapter 4 
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14. ⑻ 1 - V ap n = 1 - 

tl l ~P 

(b) Condition on the number of children: For k>0 
P{/:boys} = ^P{k\n children} 

n=l 

= ! 0 (l/2 )、” 

尸 {0 boys} = 1 - + y ap n (l/2) n 

l ~P ti 

17. (a) If Z is binomial (n, p) then, from exercise 15, 

P{Xis even} = [1 + (1 - 2p) n ]/2 

= [ 1 +( 1 - 2 A/n )"]/2 when A = np 
~^(l+e~ u )/2 as n approaches infinity 

(b) P{Xis even}= e - ， X^/( 2 n)! =e -V + ^)/2 

18. log P{X = k}=-A + k\ogA- log (k\) 

A logP{x 令 _ 1+ * 

= 0 A = /: 
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19 . E[X n ]=^i n e~^A i /i\ 

i=0 

= 玄 i n e_l/il 

i=l 

i=l 

=^(7 + l) n -V^ 7 ' +1 / j! 

7=0 

=^a+irv^'/j! 

)=0 

= XE[{X + \) n ~ l ] 

Hence [X^] = AE{X+ l) 2 ] 

= X^ii + lfe^X I i\ 

i=0 

=A ^ / i !+ 2^ ie^X / ?!+ ^ e~ x M / i ! 

_ i=0 i=0 i=0 ■ 

:仁 X[E[X 2 ] + 2E[X] + \) 

兵 A(Var(X) = E 2 [X] + 2E[X] + 1) 

A(A + A 2 + 2A+ 1 ) = A(A 2 + 3A.+ l) 
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23. (a) P(Ed = l-X'=o[ j J(l/365))(364/365)D 
(b) exp(-365P(£0} 

24. (a) There will be a string of k consecutive heads within the first n trials either if there is one 

within the first n - 1 trials, or if the first such string occurs at trial n; the latter case is 
equivalent to the conditions of 2. 

(b) Because cases 1 and 2 are mutually exclusive 

P n = P n . 1 + (l-P n ^jXl-P)p k 

25. P(m counted) = ^ P{m\n ew&ats)e~ x X n In\ 

=J 0(1 

= 厂如 ap) m 

- 

m\ 


Intuitively, the Poisson X random variable arises as the approximate number of successes in n 
(large) independent trials each having a small success probability a (and A na). Now if each 
successful trial is counted with probability p 9 than the number counted is Binomial with 
parameters n (large) and op (small) which is approximately Poisson with parameter cxpn = Ap. 


27. P{X = n + k\x>n} = P ^ X=n + k ^ 

P{X>n} 

= p(\-p) n+k - 1 

~ (1-pT 

=p(i -pf~ l 

If the first w trials are fall failures, then it is as if we are beginning anew at that time. 


28. The events {X>n} and {F< r} are both equivalent to the event that there are fewer than r 
successes in the first w trials; hence, they are the same event. 

(NpY N-np^ 

29 P{X=k + l} = {k + l){n-k-l) 

• p{x = k} - pVjpv - 冲） 

U A n-k ) 

(Np-k)(n-k) 

— (k + l)(N-Np-n + k + l) 
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34. 




2 n -i r - 

fj\ 
k 2 


E[X 2 ]=^ 


k) 2 n ~ 2 n{n + l) 


T-\ 


r 


¥^ = £[^ 2 ]-{£[^]) 2 ： 


E[Y] 


n + 1 


E[Y 2 ]=^i 2 /n~ J 


_ n2 2n ~ 2 -n(n + l)2 n ~ 2 
' ( 2 " - 1) 2 
n2 2n ~ 2 _n 

x 2 dx n 1 


Var(y)~ - -- -— ~ — 

3 l 2 J 12 


解阶*‘}=替.皆占 


=lim(l-1/(?+ 1)) = 1 
(c) E[X]=^iP{X^i} 

: ^i(P{X>i-l}-P{X>i} 

^E^T'TTt] 


=s- 


+1 
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⑻ 


This follows because {X+Y = Zk}= u (l {X = x h Y = y 7 }, and the events 
{X = x h Y = yj} , (ij) g A h are mutually exclusive. 

E[X+Y]^^ p { x+Y ^^} 

k 

=U PiX^x^Y^yj} 
k (U)e 4 

s z k P{X^ Xi ,Y^ yj ] 

k (i ，7>4 

=E E (x. + y^PiX^x^Y^yj} 

k (U)e 4 

(c) This follows from (b) because every pair i,jis in exactly one of the sets A k . 

(d) This follows because 

{X = Xj} = Uj {X = x i9 Y = yj] 

(e) From the preceding 

E[X+Y]^ ^ (x. + y^X^x^Y^yj) 
k (U)e4 

^{x^y^X^x^Y^yj} 

iJ 

iJ iJ 

= ^x i ^P{X^x i ,y^y j } + ^y j ^P{X^x i ,Y^ yj } 
i J J i 

^^{X^x^ + ^yjPlY^yj} 

^E[X] + E[Y] 


Prentice Hall. 




Problems 


Chapter 5 


1. (a) cJ"(l-x 2 )d^ = l=>c = 3/4 

-1 

(b) F(x)= 吾 J"(1 - x 2 )dx ~ _+ j 5 _1 <;c< 1 

2 . J xe_ x/2 dx = -2xe~ xn - 4e~ x,2 . Hence, 

cjxe~ x,2 dx^l^c^l/4 

o 

P{X>5} = xe~ x,2 dx = i[10e _5/2 +4e _5/2 ] 

4 


No. /(5/2) < 0 




20 X X 20 


(b) F(y)= J ^dx = 1 - — 
10 x ^ 

,y> 10 . 增 = 0 fory< 10 . 

(c) 〔 1) since F(15) = ^. Assuming independence of the events that the 


devices exceed 15 hours. 

5. Must choose c so that 

l 

.01 = |5(l-x) 4 dbc = (l-c ) 5 
so c = 1 - (. 01 ) 1/5 . 


68 
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6 . 


7. 


oo oo 

⑻ E[X\ = -j x 2 e~ x,2 dx = 2j y 2 e~ y dx = 2r(3) = 4 
^ o o 

(b) By symmetry of f(x) about x=0, E[X\ =0 

°° ^ 

(c) E[X] = \—dx = oo 

{x 


j(a + bx 2 )dx 


1 or a + — = 1 


Jx(a + bx 2 )dx = — or — + — = 3/5. Hence, 
^ 5 2 4 



8 . E[X]= J x 2 e~ x dx^ r(3) = 2 

0 

9. If 5 units are stocked and the demand is X, then the profit, P(s), is given by 

P(s) = bX-(s-X)P ifX<s 

=sb if X> s 


£TP0)] = J*。（to - 0 - x)£)f(x)dx+j sbf (x)dx 

=(b + £)j S o xf(x)dx-s£j J{x)dx + A [1 - J": f{x)dx 
s=sb+ {b + l)^\x-s)f{x)dx 

Differentiation yields 

去五 [P ⑺] =b + (b + £)j-^j S o xf(x)dx - ^| o V(x)rfxj 

=b+(b+£)^ s n S )-sn S )-j s o ns)dx^ 

=b- (b + £)j S o f(x)dx 
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Pi^c 1 <x} = P{X< x l,n } =x l,n 


E[X n ] = f x-x^~%x = - f x l,n dx = 

o n n i n+1 

15. (a) 0(.8333) = .7977 

(b) 20(1) - 1 = .6827 

(c) 1 - 0(.3333) = .3695 

(d) 0(1.6667) = .9522 

(e) 1-0(1) = .1587 
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16. P{X >50}= p| X ~ 4 ° >^| =1 - 0(2.5) = 1 - .9938 
Hence, (P{Z< 50}) 10 = (.9938 严 

17. 五 [Points] = 10(1/10) + 5(2/10) + 3(2/10) = 2.6 

f x -5 9-5] 

18. .2 = P j - > - > = P{Z > 4/oj where Z is a standard normal. But from the normal 

卜 a J 

table P{Z< .84) - .80 and so 
.84 - 4/cror a- 4.76 

That is, the variance is approximately (4.76) 2 = 22.66. 

19. Letting Z=(X- 12)/2 then Z is a standard normal. Now, .10 = P{Z > (c- 12)/2}. But from 
Table 5.1, P{Z< 1.28} = .90 and so 

(c-12)/2 = 1.28 or c= 14.56 

20. Let X denote the number in favor. Then X is binomial with mean 65 and standard deviation 
」 65(35) = 4.77. Also let Z be a standard normal random variable. 


(a) P{X>50}= P{X>49.5} = P{X- 65)/4.77 > -15.5/4.77 

-P{Z>-3.25}-.9994 

(b) P{59.5<X<70.5} -P{-5.5/4.77<Z<5.5/4.77} 

= 2P{Z< 1.15}-1-.75 

(c) P{X< 74.5} - P{Z< 9.5/4.77} - .977 

22. (a) P{ .9000- .005 <X< .9000 + .005} 

[.003 .003 J 

= P{-1.67<Z<1.67} 

= 20(1.67)- 1 = .9050. 


Hence 9.5 percent will be defective (that is each will be defective with probability 
1 - .9050 = .0950). 


⑻尸 


= 20 


.005 


-1 = .99 when 


.005' 


=. 995 ^ 


.005 


= 2.575 =>cr =.0019. 
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(a) P{149.5<X< 200.5}= P\ 


{ V5000/36 ) I V500C 
0(2.87) + 0(1.46)- 1 = .9258. 


(b) P{X< 149.5}= P\Z< 


149.5-800(1/5) 


=1-0(.93) = .1762. 

24. With C denoting the life of a chip, and 夕 the standard normal distribution function we have 


P{C< 1.8x10°} = 


1.8xl0 6 -1.4x10 s 
3xl0 5 


Thus, if A^is the number of the chips whose life is less than 1.8 x 10 6 then _/Vis a binomial 


lom variable with j 

parameters (100, .9082 

( 19.5-90.82), 

).Hence, 


尸 {#>19.5 卜 1- 

d\ = 1 

- 汊 -24.7)« 1 



1^90.82(.0918 )) 




binomial random variable with mean 150(.05) = 7.5 and variance 150(.05)(.95) = 7.125, we 
obtain that, for a standard normal random variable Z. 

P{X<10} =P{X<10.5} 

_ ^[ X-7.5 < 10.5-7.5 ] 

一 [V7.125 _ ^/7l25 J 
-P{Z< 1.1239} 

=.8695 

The exact result can be obtained by using the text diskette, and (to four decimal places) is 
equal to .8678. 

I 799 5 

27. m >5 , 799 . 5} 十藏 

= P{Z> 15.99} = negligible. 
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28. Let X equal the number of lefthanders. Assuming that X is approximately distributed as a 
binomial random variable with parameters n = 200, p = .12, then, with Z being a standard 
normal random variable, 


P{X> 19.5} = P 


p X-200(.12) 19.5-200(.12) 

17200 (. 12 )(. 88 ) ^ 200 (. 12 )(. 88 ) 

P{Z>-.9792} 

.8363 


29. Let 5 be the initial price of the stock. Then, if X is the number of the 1000 time periods in 
which the stock increases, then its price at the end is 


su x d im> - x =sd w 


Hence, in order for the price to be at least l.3s 9 we would need that 


^ioooW >1.3 


That is, the stock would have to rise in at least 470 time periods. Because X is binomial with 
parameters 1000, .52, we have 


P{X> 469.5}= P 


n X-1000(.52) 、 469.5 —1000(.52) 
1^/1000(.52)^8) > 71000(-52)(.48) 
P{Z>-3.196} 

•9993 


30. 尸 {in black}= 


P{5 black}cir+P{5 white}(l-a) 




ais the value that makes preceding equal 1/2 


Copyright © 2010 Pearson Education, Inc. Publishing as Prentice Hall. 




74 


Chapter 5 


31. 


⑻ £[|X-a|] = + = 

a 0 



d_ 

da 


( 



l = 0=>a = A/2 


(b) £ ： [|X-a|] = j(a-x)Ae~ Xx dx + J(x- a)Ae~ Xx dx 

0 a 

—Xa 1 — 

=a(l-^ ) + ae H — - - + a^ + - ae 

A A A 

Differentiation yields that the minimum is attained at a where 
=1/2 or a = log 21X 

(c) Minimizing a = median of F 

32. (a) e _1 

⑼严 

33. e' 1 


34. 


⑻ P{X>2Q}=e~ x 


(b) P{X>30U> 10}= 


P{X>30}_!/4 
P{X >10} ~3M 


35. 


⑻ exp 


50 

-J X{t)dt 

-40 _ 


= ^- 35 


(b) .- 121 


36. 


37 . 


⑻ 1 - F(2) = exp 



(b) exp[-(.4) 4 /4]-exp[-(l.4)4/4] 


(c) exp - J t 3 dt = e- 15/4 


⑻ P{ \x\ > m} = P{X > 1/2} +P{Z<-l/2} = 1/2 

(b) P{ U| <a} =P{-a<X<a} = a,0<a<l. Therefore, 
/fx|( a ) = 1> 0 < a < 7 
That is, \x\ is uniform on (0, 1). 
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38. For both roots to be real the discriminant (4F) 2 - 44(7 + 2) must be > 0. That is, we need that 
Y 2 >Y + 2. Now in the interval 0 < 7< 5. 

7 2 >7+2o 7>2 and so 
P{7 2 >7+2} =P{7>2} = 3/5. 

39. ^) = ^{10 § ^<)；} 

= P{X<e y } = F^) 

m=W)e y = e y e~ ey 

40. F Y (y) = P{e x <y} 

=/^log y) 

My) = / x (logy)- = -. l<y<e 
y y 
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Theoretical Exercises 

1. The integration by parts formula J udv = wv- J vdu with dv = -2bxe ~ bxl , u = -x/2b yields 
that 

f x 2 e_ bxl dx = j + 丄 j e ~ bx2 dx 

J o 2b i 2bJ o 

=^^J e ~ y2/2dy byy= 

_ sflK 1 _ yjjr 

一 2 (2bf 2 "" 4b 3/2 

where the above uses that -^=J e~ y2/2 dy = 1/2. Hence, a = 

2. J^{I" < ~y}dy = j J f Y (x)dx dy 
o 

0 0 
= J J f Y (.x)dydx^-j xf Y (x) dx 

Similarly, 

]p{Y>y}dy^°jxf Y (x)dx 
0 0 

Subtracting these equalities gives the result. 

4. E[aX + &] = J (ax + b)f(x) dx = aj j(f{x)dx + b^ f(x)dx 
= aE[X] + b 


5. E[^C] = ^P{X n >t}dt 

0 

=Jp{Z" >x" }nx n ~ l dx by t = x\dt = nx n ~ l dx 
0 

=|p{X >x}nx n ~ l dx 
0 

6. Let X be uniform on (0, 1) and define E a to be the event that X is unequal to a. Since nE a is 
the empty set, it must have probability 0. 
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\ar(X) = E[X 2 ]-(E[Xif 
<E[cX-(E[X]f 
=cE[X]~ (£[X]) 2 
= E[X](c-E[X]) 

= c 2 [a(l - a)] where a- E[X]/c 
<c 2 /4 


9. The final step of parts (a) and (b) use that 一 Z is also a standard normal random variable. 

(a) P{Z >x}= P{-Z < -x} = P{Z < -x} 

(b) P{ \z\ >x}=P{Z>x}+P{Z<-x}=P{Z>x} +P[-Z>x} 

= 2P{Z>x} 

(c) P{|z|<x} = l-P{|z| >x} = l-2P{Z>x}by(b) 

= \-2{l-P{Z<x}) 

10. With c = 1/(V^<J) we have 

j{x)= ( 邱 >2/2a2 

f\x) = (x _ //) / (J 2 

f\x)= ccrV ( 邱 )2/2ct2 (x-//) 2 -ccrV^— 妒 /2<j2 

Therefore, 

f"(ju + d) =f(ju- o) = co~ 2 e~ m - ca 2 e m = 0 




by parts dv = g\x)dx 9 u =, —— e~ x 12 to obtain the result. 


(b) Let g(z) = z n and apply part (a). 


(c) Let n = 3 in part (b) to obtain 五 [Z 4 ] = 3 五 [Z z ] 二 3 


E[X 2 ] = Jp{X> x}2x 1 ~ 1 dx^2^xe~ lx dx^ jE[X]^ 2/A 2 
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13. (a) 


b + a 


(b) ju 


(c) l-e- Am =l/2orm=- log2 
A 


14. (a) all values in (a, b) 

(b) H 

(c) 0 

15. P{cX<x}=P{X<x/c} = l - e~ Mc 

16. 姻 = 權 = 1/a ^ — ,0<t<a 

F{t) (a-t)/a a-t 

17. If X has distribution function F and density/, then for a > 0 

F aX (t) = P{aX<t}=Fm 
and 


fit Id) 


Thus, 




-fitla) 
a _ 

-F{t Id) 


-A x (t/a). 


= j x k Ae~ Xx dx = A^fjLe-^Uxfdx 
0 0 

= AT k r(k+l) = k!/A k 
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20. E[X k ] = x k Xe~ Xx (Xxy- l dx 

=^^A€~ x \Xx) ,+k - l dx 

Jr-k 

= —— T(t + k) 

r(0 

Therefore, 

£[Z] = t/A, 

e[x 2 ] = = r^T{t+ 2)/r(o = {t+ i)ta 2 

and thus 

Var(Z) = (t+ l)t/A 2 - t 2 /A 2 = t/A 2 

21. r(l/2)= fe~ x x~ 1/2 dx 

0 

= \[2^e~ y2n dy by x = y 2 /2 9 dx = ydy = yjlx dy 

o 

= 2^^(l7r)— 1/2 e— y2,2 dy 
o 

= 2^f7rP{Z > 0} where Z is a standard normal 
= yf/r 

22 . l/A(s)= J Ae~ Xx ( dx / Ae~ Zs {XsT 1 

x>s 



x>s 


=J e~ Xy (1 + y/s) f ~ l dy by letting y = x-s 

y>0 

As the above, equal to the inverse of the hazard rate function, is clearly decreasing in s when 
t>\ and increasing when f < 1 the result follows. 

23. A(s) = c(s- v)^\ s>v which is clearly increasing when J3> 1 and decreasing otherwise. 

24. F(a) = l-e~ l 
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25. 


Suppose X is Weibull with parameters v, a, p. Then 


P{X<v+ ax up } 
1 — exp{-x}. 


26. We use Equation (6.3). 

E[X\ =B(a+l, b)/B(A ， b) = 

E[X 2 ]=B(a + 2, b)/B(a, b)= 


r(a + l) T(a + b) _ a 
F(a + b + l) r(a) a + b 
r(g + 2) T(a + b) _ (a + l)a 
T(a + b + 2) r(a) ~ (a + b + l)(a + b) 


(a + b + Y)(a + b) (a + b) 2 ~ (a + b + l)(a + b) 2 


27. (X-d)/(b-a) 


29. P{F(X<x} = P{X< r\x)} 
= F(r\x)) 


30. Fy{x)=P{aX+b<x} 

=pjx <-~~-| when a > 0 
= Fx((x- b)/a) when a>0. 


Mx)=-M(x-b)/a) ifa>0. 


When a< 0, Fy(x) =P\X> 


31. Fy{x)^P{e x <x) 

= / , {X<logx} 
FxOogx) 


fy{x) =Mlogx)/x 



Chapter 6 


Problems 

2. (a)p(0,0)=-^-=14/39, 

P(0, 1)=^(1,0)=-|^- =10/39 
13*12 

p(l, 1)= - = 5/39 

’ 13.12 

(b) p(0, 0, 0) = 8 ' 7 ' 6 = 28/143 
^ 13_12.11 

p(0, 0, 1) = p(0, 1,0)= p(l, 0, 0) = 8 ' 7 ' 5 = 70/429 
13 *12*11 

P(0, 1, 1) =p(l,0, 1) =p(l,l,0)= :二 =40/429 
13•12•11 


3. (a) p(0, 0) = (10/13)(9/12) = 15/26 

p(0, 1) = p(l, 0) = (10/13)(3/12) = 5/26 
p(l, 1) = (3/13)(2/12) = 1/26 

(b) p(0, 0, 0) = (10/13)(9/12)(8/11) = 60/143 

p(0, 0, 1) = p(0, 1,0)= p(l, 0, 0) = (10/13)(9/12)(3/11) = 45/286 
p(i,j,k) = (3/13)(2/12)(10/11) = 5/143 ifi+j + k = 2 
p(l, 1, 1) = (3/13)(2/12)(1/11) = 1/286 

4. ⑻祕斷 (8/13) 2 ,p(0, 1)=^(1,0) = (5/13)(8/13), p(l, 1) = (5/13) 2 

(b) p(0, 0, 0) = (8/13) 3 

p{i,j,k) = (8/13) 2 (5/13) iii+j + k=\ 
p(i,j,k) = (8/13)(5/13) 2 ifi+j + k = 2 

5. p(0, 0) = (12/13) 3 (11/12) 3 

p(0, l) =j p(l,0) = (12/13) 3 [1 - (1 1 / 12 )] 

p(l, 1) = (2/13)[(l/13) + (12.13)(1/13)] + (11/13)(2/13)(1/13) 


81 

Copyright © 2010 Pearson Education, Inc. Publishing as Prentice Hall. 




82 


Chapter 6 


8. Uy)=c\(y 2 -x 2 )e- y dx 

-y 

= ^cy 3 e~ y 9 -0<y<oo 

]fr(y)dy= i =^> c= 1/8 and so fj(y) = —， 0 < y. 


Mx) = (y 2 -x 2 )e~ y dy 

8 I 

= 士 〆 卜 l(l + |x|) upon using -J y 2 e~ y = y 2 e~ 

9. (b) /x(x) = ♦ J 卜 2 + ~^\ d y^ 等似 2 + X) 


(c) P { X>Y} = ^\]^x 2 + ^-dydxy^ 

(d) P{Y> m\x< H2} = P{Y> 1/2, X< l/2}/P{X< 1/2} 

1 ji^+^ydxdy] 


J (2x 2 + x)dx 
o 

10. (a) Mx) = e~\f } (y) = e- y ,0<x<oo 9 0<y<^ 

P{X<Y} = 1/2 
(b) P{X<a} = l-e~ a 


11 . 


5! 

2!1!2! 


(•45) 2 (. 15)(.40) 2 


r2 c3 

e~ 5 + 5e~ 5 + — e~ 5 +— e 
2! 3! 


+ 2e~ y 
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14. Let X and Y denoted respectively the locations of the ambulance and the accident of the 
moment the accident occurs. 


P{ \y-x\ <a}=P{Y<X<Y+a}+P{X<Y<X + a} 


=^ [ J dxd y 

L-a y+a L L 

j j dxdy+ j jdxdy 

0 y L-ay 


15. (a) 1 = J| f(x, y)dydx = | | c dydx = cA(/?) 

(x,y)eR 

where A(R) is the area of the region R. 

⑻取 )0=1/4 ， -1 以 ’>^1 

=Ax)fiy) 

where /(v) = 1/2, -1 < v< 1. 

(c) P{X 2 + 7 2 < 1} = -J| dydx = (areaofcircle)/4 = 7dA. 


16. (a) A = uA h 

(b) yes 

(C) P(A)^ y ^P(A i ) =n(l/2) n - 


17. — since each of the 3 points is equally likely to be the middle one. 


18. P{Y-X>L/3} = J J ^-dydx 


L T 
— <y<L 
2 

0<x< 


2 
L/6 L 


J J dydx+ J J dydx 

" 3 . 

7/9 


0 L/2 L/6x+L/3 


Z? 51} 11} 

U 2A~^T2 
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f 1 f x 1 c 1 

I I -dydx= \ dx = \ 

JoJo X J 0 

j \ Y 


(b) f -dy = 1, 0<y< 
J o x 


(d) Integrating by parts gives that 


{ o yln W ^-l-} o ( y ln( y) -^ 


yielding the result 


E[Y] = -\ yln(y)dy = 1/4 


20. (a) yes: f^x) = xe~ x ,f^{y) = e~ y 9 0<x<oo 9 0<y<' 


(b) no: fAx) = I f(x, y)dy = 2(1-x) 


fr(y) = ^ f{x,y)dx^2y ,Q<y<\ 


21. (a) We must show that 


J J f(x, y)dxdy =1. Now, 


0 -: /(X ， y)dxdy = JoJo 、切 — 7 

=j I2(y-2y 2 + y 3 )dy 


=12(1/2-2/3 + 1/4) : 


E[X]= j l Q 4 x (x)dx 
r i r ^~ x 

=J 0 又 J 0 24xy dydx 

=[\2x 2 {\-x) 2 dx =2/5 

Jo 


(c) 2/5 
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22. (a) No, since the joint density does not factor. 

(b) =x+ 1/2 ， 0<x< 1. 

(c) P{X+Y<\} = ^ l ~\x+y)dydx 

=\ \x{\-x) + {\-xf I2]dx =1/3 

J 0 

23. ⑻ yes 

fx(x) = 12x(1 - x )^^ydy = 6x(1 -x) 9 0<x<l 
fy(y) = I2yj^x(l- x)dx = 2y, 0 < y < 1 

(b) E[X\= f 1 6x 2 (l-x)dx =1/2 

J o 

(c) E[Y] = ❶/一之乃 

(d) Var(Z)= C6x\\-x)dx-\lA =1/20 

J 0 

(e) Var(7)= fSy 3 办 -4/9 =1/18 

Jo 

24. P{N=n} = p n 0 -\l-p 0 ) 

⑻ P{X=j} =p/(\ -po) 

(c) P{N = n,X=j}= pl~ l Pj 

e ~ x 

25. —— by the Poisson approximation to the binomial. 

i\ 

26. (a) F A B c(a, b, c) = abc 0<a 9 b 9 c < 1 

(b) The roots will be real if B 2 > 4AC. Now 

x 1 l x/a 

P{AC <x} = J I dadc = JJ dcda + J J dcda 

c< x/a 0 0 X 0 

0<a<l 

0<c<l 

= x-x log X 

Hence, F A dx) = x-xlogx and so 
/ac(x) = - log X, 0 < x < 1 
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P{B 2 !A>AC} = -J { \ogxdxdb 


27. PIX^ <a} = J| \e~ x \ x X 2 e-^ y dxdy 
0 0 

= °j(l-e-^ ay )A 2 e-^ y dy 
0 

1 又 2 


A>2 + aXy + A 2 


P{X x IX 2 <\} 


A 

A + 又 2 


28. (a) — e _t , since e~ l is the probability that AJ is still in service when MJ arrives, and 1/2 is 

the conditional probability that MJ then finishes first. 

(b) Using that the time at which MJ finishes is gamma with parameters 2, 1 yields the result: 

l-3e~ 2 

29. (a) If W = Xi + X 2 is the sales over the next two weeks, then W is normal with mean 4,400 and 

standard deviation 」 2(23Q) 2 = 325.27. Hence, with Z being a standard normal, we have 

P { W>5000} = p{z> 500 3 0 25 - 2 4 7 400 } 

= P{Z> 1.8446} = .0326 

(b) P{X> 2000} = P{Z> (2000- 2200)/230} 

= P{Z> -.87} = P{Z <.87} = .8078 

Hence, the probability that weekly sales exceeds 2000 in at least 2 of the next 3 weeks 
p 3 + 3p\l -p) where p = .8078. 

We have assumed that the weekly sales are independent. 




(& 2 

og( 

沪|4 5 136 


x 2 log 
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(a) P{7>X} =P{7-X>0} 

-P{7-X>.5} 

_ „ f y-X-(160-170) 、 .5-(160-170)1 
I V(20) 2 +(15) 2 知 ) 2 +(15) 2 | 

-P{Z>.42}-.3372 


(b) P{X+Y> 350} =P{X+Y> 350.5} 



as a normal random variable with mean 50.4 and variance 37.6992, and that Y is 
approximately distributed as a normal random variable with mean 47.2 and variance 36.0608. 
Let Z be a standard normal random variable. 


(a) P{X+ Y> 110} =P{X+ Y> 109.5} 

_ p \x+Y- 97.6 、 109.5 - 97.6 ) 

_ 1 V73.76 V73.76 j 

-P{Z> 1.3856}-.0829 

(b) P{Y>X} = P{Y-X>-.5} 

= 3_2) 上 一 _5-(-3.2) ] 

_ j V73.76 _ a/ 73.76 j 

-P{Z>.3144}-.3766 

32. (a) e -2 

(b) \-e 1 -2e 1 =\- r ie 1 

The number of typographical errors on each page should approximately be Poisson 
distributed and the sum of independent Poisson random variables is also a Poisson 
random variable. 
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33. (a) 1 - e -2 - 2 - 2.2e~ 2 - 2 - e~ 2 \22fl2\ 

4 5 

(b) 1 - (4.4 ) ! "! ， (c) 1 - 66 (6.6V"! 

i=0 i=0 

The reasoning is the same as in Problem 26. 

34. Use the distribution of the sum of independent geometric random variables to obtain the 
result: 4(.7) 12 -3(.6) 12 

35. (a) P{Xi = 11 1} = 5/13 = 1 - P{X t = 1} 

(b) same as in (a) 

36. (a) P{7 1 = 1 |y 2 = 1} =2/12= 1-P{7 i = 0|7 2 = 1} 

⑻ P{7 1 = 1 |y 2 = 0} = 3/12 =1-P{7 1 = o|7 2 = 0} 

37. (a) P{Y l = l\Y 2 =l}= p(l, 1)/[1 - (12/13) 3 ] = 1 - = 01 7 2 = 1} 

(b) p{y 1 = i|y 2 = o} = p(i, 0)/(i2/i3) 3 = i - p{y 1 = o|r 2 = o} 
where p(l, 1) andp(l, 0) are given in the solution to Problem 5. 

38. (a) P{X=j,Y=i} = \-,j=\, 1, ...,j 

5 J 

⑻ P{X=j\Y=i}m^/^l/5k^-/j^l/k, 5>j>i. 

)] 丨 k=i J / k=i 

(c) No. 
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39. Forj = /: P{Y=i\X=i }= 


Forj<i: P{Y=j\X=i} 


P{X = i} 36P{X 
2 




and so, P{X = /} = - and 

36 


P{Y=j\X=i} = 


41 -(獅 I ， J^ = ㈣ 2 -”o<. 


(b) f Y \x(y\x) = 


P{XY<a} 


= ja~e- a )e~ 


Md) = e-\0<, 




90 





44. P{X 1 >X 2 + X 3 } +P{X 2 >X l +X 3 } +P{X 3 >X 1 +X 2 } 

= 3P{X l >X 2 + X 3 } 

= 3JJJ dx 1 dx 2 dx 3 


>x 2> x 3 (take a = 0, & = 1) 
0<^-<1 


= 3 J J J d^dx 2 dx 3 =3j J (1 -x 2 -x 3 )dx 2 dx 3 


3}^^3=l/2. 


-X l 2 

J xe~ x dx xe~ x 

-oo 下 

^xe~ x dx 

Lo _ 

.X _ 


= 30(x+ \fe^xe\\ - e~\x+\)Y 


f Xi ^x)dx^^— \ x\\-xf 


48. (a) P{min X, < a} = 1 - P{min X, > a} = 1 - ]^[ P{X t > a} = 1 
(b) P{m^Xi<a} = n p d <a} = (l-^ a ) 5 

49. It is uniform on (^_ 19 1) 
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50. Start with 




Making the transformation - using that its Jacobian is 1 - yields that 

fxA x ^^ 4z 2 U y-x)^ j^ e ^ +(y ^ /2 

51. fx m ,x w ^y) = ^2x^2z^j 2y, 

= 48 功 2 -A 

P(X (4) -X m <a} = J I 4Sxy(y 2 -x 2 )dydx 
0 0 
1 1 

+ J j48xy(y 2 -x 2 )dydx 

l-a 0 

52. f R (r,0) = —= 2r—, Q<r<\,Q<0<27T. 

1 n 7 m 

Hence, R and 汐 are independent with 汐 being uniformly distributed on (0, 2tt) and/? having 
density f R (r) = 2r, 0<r< 1. 

53. fR,dr ， d) = r, 0 < r sin 6< 1, 0 < r cos 0< 1, 0< 0< 7d2, 0<r< yj2 

=cos 2 u + sin 2 u-\ 


54. 


2 X " 1/2C0SM ^ 2 Z " 1/2sinM ^ 


--s/2z sin u \l2z cos u 


fu, z ( u ^ z) - e~ z . But x 2 + y 2 = 2z\ 

In 


hMy)=-e~ 
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55. 


(a) If w = xy, v = xy, then J = 




=-2 - ai 

y 


y y I 

y = \]ulv ,x= y/vu . Hence, 

⑻ / „, v (m, V )= 去 fx,Y (V^", = ^2 ,U - 

fj,u) = f —^rdv^\\ogu,u> 1. 

L 2vu u 

For v > 1 

m=)-^ d u^,v>i 
For v < 1 

/v(v) = J = 去 , 0 < V < 1. 

. . u uv 

56. (a) u = x + y,v = x/y^y= - ,x= - 

v+1 v+1 

1 1 

J= 9 

l/y -xly 2 

fuv (w, v)= —— ,0<MV<1+V, 0<W<1 
(v + 1) 


，臺 =苦帅: 
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Theoretical Exercises 

1. P{X<a 2 , Y<b 2 }=P{a l <X<a 2 , b x <Y<b 2 } 

+ P{X<a u &!<7<& 2 } 

+ P{ai<X<a 2 , Y<b x } 

+ P{X<a u Y<b x }. 


The above following as the left hand event is the union of the 4 mutually exclusive right hand 
events. Also, 

P{X<a u Y<b 2 }=P{X<a u b l <Y<b 2 } 

+ P{X<a u Y<bi} 


and similarly, 

P{X<a 2 ,Y<b 1 }=P{a 1 <X <a^<Y<b x } 

+ P{X<a u Y<bi}. 

Hence, from the above 

F(a 2 , b 2 ) = P{a 1 <X<a 2i b x <Y<b 2 }+ F(a u b 2 ) - F(a h b x ) 
+ F(ai, bi) - F(a u b x ) + F(a u b x ). 

2. Let Xi denote the number of type i events, i= 1, n. 

P{Xi = r u ...,X n = r n } = p\x i ^r l ,...,X n = ， ;,| 文5 events 




i=l 


3. Throw a needle on a table, ruled with equidistant parallel lines a distance D apart, a large 

2L 

number of times. Let L, L< D, denote the length of the needle. Now estimate Trby 
where/is the fraction of times the needle intersects one of the lines. 
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5. 


(a) For a > 0 

F^d) = P{X<aY} 

=J J f x {x)f Y {y)dxdy 
0 0 

= ]F x ( a y)fy(y) d y 
0 

/z(a) = j f x (ay)yf Y (y)dy 
0 


(b) Fz(a) = P{XY<a} 

-J } fxMf Y (y)dxdy 
0 0 

=j f p x(a/y)f Y (y)dy 
0 

Ma) = ]f x {a/y)-fy (y)dy 
0 ^ 

If X is exponential with rate A and Y is exponential with rate jU then (a) and (b) reduce to 

A 

⑻ Fz(a)= jAe-^yjue^dy 
0 


(b) F z {a)= lAe~ Aa/y -jue- My dy 

i y 

6 . 

f ^ f XJ (x,y)dydx 

J x+y<t 

!• oo !• t~X 

J_ fxA x ^ 


Differentiation yields that 

c °° d c t ~ x 

= }^j t )-^ f ^ y)dydx 

= jj XtY (x,t-x)dx 
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(a) P{cX <a} = P{X< ale} and differentiation yields 

fM= -f x (am = -e Xa,c a aUt l nn, 

c c 

Hence, cXis gamma with parameters (t. Ale). 

(b) A chi-squared random variable with 2n degrees of freedom can be regarded as being the 
sum of n independent chi-square random variables each with 2 degrees of freedom 
(which by Example is equivalent to an exponential random variable with parameter A). 
Hence by Proposition X\ n is a gamma random variable with parameters (n, 1/2) and the 
result now follows from part (a). 


8 . 


9. 


(a) P{W<t} = l-P{W>t} = l - P{X >t 9 Y>t} = l - [l- Fx(0] [1 - Fy(t)] 

(b) /w (0 - Fm +Mt) [1 - Fm 

Dividing by [1 - Fx(t)][l - Fy(0] now yields 

Mt) =fx(t)/[i - Fm - Fm = ut) + Mt) 


P{min(Xi, ...,X n )>t} = P{X x > t ,. 


•. ， f} 
= e~ n ^ 


thus showing that the minimum is exponential with rate nX. 

10. If we let Xi denote the time between the and (/ + l) st failure, i = 0, n-2, then it follows 

n-2 

from Exercise 9 that the X t are independent exponentials with rate 2 儿 Hence, ^ X. the 

i=0 

amount of time the light can operate is gamma distributed with parameters {n- 1 , 2X). 


11 . 


JJJJJ 

x x <x 2 > x 3 <x 4 > x 5 


f(xi) ...f{x 5 )dx x ...dx 5 


JJJJJ 

u x <u 2 >u 3 <u 4 > u 5 


du\ ... du^ 


by Ui = F(Xi\ / = 1, …， 5 


0 < w, < 1 
= \\\\u 2 du 2 ...du 5 
=JJJ( 1 -^ 3)/2 du 3 ... 

= ii[u 4 -u 3 4 /3]/2du 4 du 5 


=J[M 2 -M 4 /3]/2rf M =2/15 
0 
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Q = J gi(x)dx, i = 1, 

Since the "-fold integral of the joint density function is equal to 1, we obtain that 



fxj (Xj )^Sj^ j )\\C i ^g j ( < x j )IC j 

i 本 j 

If follows from the preceding that 

7=1 

which shows that the random variables are independent. 

「1 if trial i is a success 
No. LetX^ • Then 

^ v , I 、 尸{又1，…，〜 + m | x= 4 " 、 

/ 难 i ， “• ， (+1 ， … ， X n+m ) = ----- fxOd 

= cx^ Xl (l-x) n+m -^ Xi 

and so given =n the conditional density is still beta with parameters n + l,m 

l 

P{X = i\x+Y=n} =P{X = i,Y = n-i}/P{X+Y = n} 


p{\-pt l p{\-pf-' 












consideration is equally likely and so the probability that the m smallest are the ones in row i 



.Hence 


P{Xij is a saddlepoint}= 


m 




and so 


P{there is a saddlepoint} = P 


〔㈣ is 


a saddlepoint} 


is a saddlepoint} 


m\n\ 


{n + m-\)\ 


For 0 < X < 1 

P([Z] = n,X-[X]<x) = P(n<X<n + x) = e~ nZ - e <n+xU = e n \\ - e xX ~) 


Because the joint distribution factors, they are independent. [X] + 1 has a geometric 
distribution with parameter p = l-e~ x and x - [X] is distributed as an exponential with rate A 
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25. Let Y = max (X\, ••• ， X n ), Z = mind …， D 

P{Y<x} = P{Xi<x,i=l, ...,n} = \[P{X l <x\^.F n {x} 

1 

P{Z>x} = P{X i >x,i = l, … ， n}= >4 = [1-^)]" 

1 

26. (a) Let = DIL. Then the desired probability is 

l-(n-l)d l-(n-2)d l-2d l-d 1 

n\ I dx n dX n-V dx 2 dx \ 

0 Xi+d x n _ 3 +d x n _ 2 +d x n _ x +d 

⑻ o 

27. W = (碰卜 

f Xw (x)= 客⑺ 〆 1 w/w[i - 




E 




F k ~\x)f( X )[l-F(x)] n 


n\ 


(»-；>!(/-Dl 

{2n + \)\ 




28. A ㈣ W = -彳 


byk = i+l 
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Xi and Xj 


ix J 


7i ~\x i )f( < x i )[F{x j )-F{x i )p^f{x j )xn-F{x j 


32. (a) P{X >： 

(b) P{X >： 

(c) This is 
random 


Hence, by the induction hypothesis 




The above used that / 又⑻ (s) = n — —= 


)fn+l} = l/(n+l) 


illest ofn+l} = l- l/(n + 1 ) = n/(n + 1 ) 

is either the (i + l) st or (i + 2 ) nd or ... 7 th smallest of the 
learly equal to (j - l)/(n + 1 ). 
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Problems 

1. Let X = 1 if the coin toss lands heads, and let it equal 0 otherwise. Also, let Y denote the 

value that shows up on the die. Then, with p(i 9 j) = P{X = /, F= j} 

6 6 • 

£[retum] = ^ 2jp(l ， j) + ^p(0J) 

7=1 7=1 2 

= 丄 (42+ 10.5) = 52.5/12 


2. (a) 6.6.9 = 324 

(b) X = (6-S)(6-W)(9-R) 

(c) E[X\ = 6(6)(6)P{5 = 0,W=0,R = 3} + 6(3)(9)P{5 , = 0, 3, /? = 0} 

+ 3(6)(9)P{5 = 3, W=0,/? = 0} +6(5)(7)P{5 = 0, W= l,R = 2} 

+ 5(6)(7)P{5= 1, W=0，/? = 2} +6(4)(8)P{S = 0, W=2,R = 1} 

+ 4(6)(8)P{5 = 2, W=0,/? = 1} +5(4)(9)P{5 = 1, W=2,/? = 0} 

+ 4(5X9)P{5 = 2, W= 1,7? = 0} +5(5)(8)P{5= 1, W=\,R = \] 

= 南 216 ⑵ + 324 ⑵ + 420.6〔;) +384〔;)9 + 360〔;)6 +200(6)(6X9) 

UJ 

- 198.8 


3. If the first win is on trial N, then the winnings isW=l- (N- l) = 2-N. Thus, 

(a) P(W>0) = P(N=l) = l/2 

(b) P(W < 0) = P(N > 2) = 1/4 

(c) E[W]=2-E[N] = 0 

4. E[XY] - C [ y xy-dxdy ^ C y 2 /2dy ^1/6 

Jo Jo y Jo 

E[x ^i\i x \ dxdy ^\i yi2dy ^ iiA 

E[Y]= f V y—dxdy = f ydy = \/2 

Jo Jo y JO 


104 
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5. The joint density of the point (X, Y) at which the accident occurs is 

y) = ^,-3/2<x,j<3/2 
=f(x)f(y) 

where 

/ ⑻ = 1/3, -3/2 <a< 3/2. 

Hence we may conclude that X and Y are independent and uniformly distributed on 
(-3/2, 3/2) Therefore, 


3/2 3/2 

E[\x\ + |f|]= 2 J -xtic = - J xdx = 3/2. 

-3/2 3 3 0 


Si 


= 艺 £[ 叉 ,.] =10(7/2) = 35. 


8 . 


^[number of occupied tables] = E 




i=l 


够] 


1=1 


Now, 


E[Xi] = P* arrival is not friends with any of first / - 1} 

= a-p) M 

and so 


N 

^[number of occupied tables] = ^(1- p) 1 - 1 

i=l 


7. Let X t equal 1 if both choose item i and let it be 0 otherwise; let Y t equal 1 if neither A nor S 
chooses item i and let it be 0 otherwise. Also, let W t equal 1 if exactly one of A and B choose 
item i and let it be 0 otherwise. Let 

10 10 10 

Y =ll Y i^ 

1=1 1=1 i=l 

10 

(a) £[Z]= = 10(3/10) 2 = .9 

i=l 

10 

(b) E[Y] = = 10(7/10) 2 = 4.9 

i=l 
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(c) Since X+ F+ W= 10, we obtain from parts (a) and (b) that 


五间 =10 - .9-4.9 = 4.2 
Of course, we could have obtained E[W] from 
10 

E[W]= ^E[W t ] = 10(2)(3/10)(7/10) = 4.2 

i=l 

Let Xj equal 1 if urn j is empty and 0 otherwise. Then 

E[Xj\ = P{ball i is not in urn j, i >j} = f[(l -1/j) 

i=j 

Hence, 

⑻ ^[number of empty urns] = ^^(1-1//) 

7=1 i=j 

(b) 尸 {none are empty}= 尸 {ballj. is in urn j, for all j} 
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15. Let Xq ， i^j equal 1 if i and j form a matched pair, and let it be 0 otherwise. 
Then 

1 

E[Xij] = P{iJ is a matched pair}= 


n(n - 1) 


Hence, the expected number of matched pairs is 


5X) 




2)n(n-\) 2 


16. 




17. Let Ii equal 1 if guess i is correct and 0 otherwise. 

(a) Since any guess will be correct with probability 1/n it follows that 

E[N] = t 五 [/,.] = = l 


(b) The best strategy in this case is to always guess a card which has not yet appeared. For 
this strategy, the guess will be correct with probability l/(n - / + 1) and so 


E[N]= ^l/(n-? + l) 


(c) Suppose you will guess in the order 1,2, ... ， n. That is, you will continually guess card 1 
until it appears, and then card 2 until it appears, and so on. Let J t denote the indicator 
variable for the event that you will eventually be correct when guessing card i\ and note 
that this event will occur if among cards 1 thru /, card 1 is first, card 2 is second, …， and 
card i is the last among these i cards. Since all i\ orderings among these cards are equally 
likely it follows that 


E[Jt] = l/i\ and thus E[N]= E 




=!>■! 


18. Sfnumber of matches] = E 




[1 match on card i 
0 — 


= 52 t 4 
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19. (a) 五 [time of first type 1 catch] - 1 = - 1 using the formula for the mean of a geometric 

^ Pi 、 c 

random variable. 


(b) Let 


Then 


[l a type j is caught before a type 

]o otherwise. 




= ^E[ Xj ] 

=^P{type j before type 1} 

^PjKPj+P,), 


where the last equality follows upon conditioning on the first time either a type 1 or type j 
is caught to give. 

P{type j before type 1} = P{j \j or 1 }= 尸 j ^ 

20. Similar to (b) of 19. Let 

ball j removed before ball 1 




e \1 x j 


= 2 E[Xj]^Yj ^{ball j before ball 1} 


= ^P{j\jorl} 

= 5>gw ⑴+料刀 
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21. (a) 365 


/lOOV 1 Y 

丫 364 丫 

1 3 JI 365 J 

1365J 


(b) LQtXj -. 


if day j is someones birthday 


365 365 


叫 = 5>[ x )]= 365 


364 

365, 


22 . 

23. 


From Example 3g, 1 + ^ + ^ + -^ + ^ + 6 


2>,+及 


=E^,]+S^) 


1120 120 110 


24. Number the small pills, and let X t equal 1 if small pill i is still in the bottle after the last large 
pill has been chosen and let it be 0 otherwise, i = 1, n. Also, let Y u i = 1, ••” m equal 1 if 
the small pill created is still in the bottle after the last large pill has been chosen and its 
smaller half returned. 


Note thatX = ^ J X i + ^ j Y i . Now, 

i=l i=l 

E[Xi] = 尸 {small pill i is chosen after all m large pills} 

=l/(m + 1) 

E[Yi] = P* created small pill is chosen after m - i existing large pills} 
= l/(m-/+l) 

Thus, 

(a) £[Z]= n/(m + 1) + ^l/(m-? + l) 

i=l 

(b) Y=n + 2m-X and thus 
E[Y] =n + 2m-E[X\ 

25. P{N>n) P{X 1 >X 2 >...>X n }= — 
n\ 

E[N\=^ j P{N>n}^-^e 

n=l n=l 


Copyright © 2010 Pearson Education, Inc. Publishing as Prentice Hall. 




Chapter 7 


111 


26. (a) E[max] = J P{max > t}dt 

o 

l 

=J(l- P{max < t)}dt 
o 

i n+1 

l 

(b) E[min] = Jp{min > t}4t 
o 

= \(l-t) n dt = ―- 
i n + l 


27. 


Let X denote the number of items in a randomly chosen box. Then, with X t equal to 1 if item 
i is in the randomly chosen box 

"101 

E[X]=E 

_ 

Hence, X can exceed 10, showing that at least one of the boxes must contain more than 10 items. 


= ? 取，] 令 10 


28. We must show that for any ordering of the 47 components there is a block of 12 consecutive 
components that contain at least 3 failures. So consider any ordering, and randomly choose a 
component in such a manner that each of the 47 components is equally likely to be chosen. 

Now, consider that component along with the next 11 when moving in a clockwise manner 

and let X denote the number of failures in that group of 12. To determine E[X\, arbitrarily 
number the 8 failed components and let, for / = 1, 8, 

fl, if failed component i is among the group of 12 components 

Xi= ^ 

[0, otherwise 

Then, 

i=l 

and so 

8 

£[Z]= 

i=l 

Because X t will equal 1 if the randomly selected component is either failed component 
number i or any of its 11 neighboring components in the counterclockwise direction, it 
follows that E[Xi] = 12/47. Hence, 

£[X] = 8(12/47) = 96/47 

Because E[X\ > 2 it follows that there is at least one possible set of 12 consecutive 
components that contain at least 3 failures. 
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取 0 ] = 8 ， i = l，2 
£{Z,.] = 8/3, i = 3,4 
£[min(Z 1 ,X 2 )] = 4 
£[min(Z,.,X.)]-2, i = l ， 2, ) = 3,4 

E[min(X 3 ,X 4 )]^4/3 
ElminiX^X^X^^S/S, ) = 3,4 
E[^mn{X i ,X x X^?,n, i = l，2 

(a) E[maxXi] = 2 • 8 + 2 • 8/3 - (4 + 4 • 2 + 4/3) + (2 • 8/5 + 2 • 8/7) - 1 

(b) £[max(Z ls X 2 )] = 8 + 8 - 4 = 12 

(c) £[max(X 3 , X 4 )] = 8/3 + 8/3 -4/3=4 

(d) Let Y x = max(Z b X 2 ), Y 2 = max(Z 3 , X A ). Then 

E[max(Y u Y 2 )] = E[Y,] + E[Y 2 ] - E[rmn(Y u Y 2 )] 


£[min(7i, 7 2 )] = 12 + 4 


30. £[(X- Y)f = \w{X-Y) = Var(Z) + Var(-y) = 2c 2 


31. Var > X,. =10Var(Z,). Now 


\^)= 12) 1 

= [1 +4 + 9 + 16 + 25 + 36]/6 - 49/4 


and so Var > Z.. 二 350/12. 
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E[Xj] = P{Xj = 1} = ]^[(l-l/j), we have that 


¥^) = £[^](1-£[^]). 


£[X^] = f[(l-l//)fJ ( 1 - 2 /i) 

i=j i=k 

Hence, for j < k, 

coy ( xj , ^)=n (i -1/ on (i - 2/ o - n (i -1 / on a -1/ o 

i=j i=k i=j i=k 

Var(X)= ^ E[Xj](\- E[Xj]) + 2Cov(Xj,X k ) 


33. (a) E[X 2 + 4X+4] = E[X 2 ] + 4E[X] +4 = Var(Z) + E 2 [X] + 4E[X] + 4 = 14 

(b) Var(4 + 3X) = Var(3Z) = 9Var ㈤ = 45 


34. LetXj = 


1 if couple j are seated next to each other 
[0 otherwise 


u 2 20 2 

(a) e\ = 10— = — ； P{Xj = 1} = — since there are 2 people seated next to wife j 

2 

and so the probability that one of them is her husband is —— • 


(b) For^j, EiXiXj] = P{X t =hXj=l} 

= P{X i =l}P{Xj=l\x i =l} 

2 2 

= - since given X t = 1 we can regard couple i as a single entity. 


Var V=10— 1 —— +10.9 
J ) 19l 19j 


f( i_ il ] +i0 ' 9 ilM 最 
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35. (a) Let X\ denote the number of nonspades preceding the first ace andX 2 the number of 

nonspades between the first 2 aces. It is easy to see that 

P\Xx = U X 2 =j}=P{X 1 =j, X 2 = i} 


48 

and so X\ and X 2 have the same distribution. Now E[X\\ = — by the results of Example 
3jand so E[2 + X l +X 1 ]=—. 


〔 39 A 265 

(b) Same method as used in (a) yields the answer 5l —+ 1 j = 

(c) Starting from the end of the deck the expected position of the first (from the end) heart is, 

53 

from Example 3j, —. Hence, to obtain all 13 hearts we would expect to turn over 

52 - — + 1 = —(53). 

14 14 

fl roll i lands on 1 fl roll i lands on 2 

36. LetX,= \ , Y t = \ 

0 otherwise 0 otherwise 


Cov(X, Yj) = E[X { Yj] - E[X^E[Yj\ 


36 


=j (since X { Yj = 0 when/ = j 


矿 0 w 


SE Cov (U) 

i j > J 

— n 
= ~36 

37. Let W h i = 1,2, denote the outcome. 

Cov(X, Y) = Cov(Wi + W 2 ,W l - W 2 ) 

= Co\(W u W x ) - Cov(W 2 , W 2 ) 
=Var(Wi) - Var(W 2 ) = 0 


Copyright © 2010 Pearson Education, Inc. Publishing as Prentice Hall. 




Chapter 7 


115 


38. E[XY]=Jjy2e~ 2x dydx 


I x 2 e~ 2x dx - —J y 2 e~ y dy - = 丄 


= I xf x (x)dx, = J— — dy = 2e~ 


E[Y] = j yf Y (y)dy, / r (j) = j^—dx 
0 0 x 

=JJy — — dxdy 

Oy X 

= J J y - dydx 


J xe~ 2x dx J ye~ 2 dy - 


r(2) _ i 

~ 4~~4 


Cov(x,y) 


39. Cov(7„,7„) = Var(7„) = 3o 2 

Cov(7„, Y n+ i) = Cov(X n + X n+ \ + X n+2 , X n+ i + X„ +2 + X n+3 ) 

=Cov(X„+i + X n+2 , X n+ i + X n+2 ) = Var(X„ +1 + X n+2 ) =2(/ 

Cov(7„, Y n+2 ) = Cov(X n+2 , X n+2 ) = o 2 
Cov(7„, Y n+j ) = 0 when j>3 

40. fy(y) = e~ y \~^ e ^ x ~ e y _ In addition, the conditional distribution of X given that F = y is 

exponential with mean y. Hence, 

E[Y] = 1, E[X] = E[E[X I Y]] = £[y] = 1 

Since, E[XY] = E[E[Xy\y]] = £[7£[x|y]]= E[Y 2 ] = 2 (since 7is exponential with mean 1, it 
follows that E[Y 2 ] = 2). Hence, Cov(X, F) = 2 - 1 = 1. 
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41. The number of carp is a hypergeometric random variable. 


释罟 = 6 


Var ⑻翌 fromEx—ek 
99 1010 99 


42. ⑻ Let 足 : 


1 pair i consists of a man and a woman 
0 otherwise 


E[X i ] = P{X i =l} = ^ 

E[XiXj\ = P{X t = 1,X 7 = 1} = P{Xi = 1 }P{Xj = 1 IX 2 = 1} 
10 9 .. 

= - ,i ^ J 

1917 




100 


) in io r 

10 、 


10 9 


= 10— 

J 

—— 

19, 

+ 10.9 

1917" 

yj 


900 18 
(19) 2 17 


(b) X, = 


[l pair i consists of a married couple 
|0 otherwise 


砸 ] ，臺， EIXiXj] = P{Xi=l}P{Xj =lte=l} = ——, i^j 






1917 ll9 


180 18 
(19) 2 17 


43. £[/?] = n(n + m+ 1)/2 


Var(/?) : 


i=l 

n + m 


n + m + 1 


The above follows from Example 3d since when F = G, all orderings are equally likely and 
the problem reduces to randomly sampling n of the n + m values 1,2, n + m. 
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44. From Example 81 —-— + Um • Using the representation of Example 21 the variance can be 
n+m n+m 
computed by using 


fo ，户 1 

ElIJi+j] = j n m n-\ 

[n + mn + m-ln + m-2 ， n-l < j <1 


0 , j = l 

E[IJi+ji = *_ mn(m-l)(n-l) _ 

(n + m)(n + m- l)(n + m- 2)(n + m - 3) ， n-\< j <\ 


45 ⑻ Cov(X 1 + X 2? X 2 + X 3 ) — 1 

. VVard+X^Vai^+D 2 

⑻ 0 

12 

46. Elhh] = bank rolls ?]P{bank rolls i} 

i=2 

= ^(P{roll is greater than j}) 2 P{bank rolls i] 
=E[I^] 

> 綱！ 

= E[h] E[I 2 ] 


47. (a) It is binomial with parameters n-l and p. 

(b) Let Xij equal 1 if there is an edge between vertices i and j, and let it be 0 otherwise. Then, 
A = k 封 X i k ， and so, for i ^ j 

Cov(A,£>j) = Cov 

yk^ti r 本 j 

k^i rfj 

= Cov(X (J ,X, 7 ) 

= Var(X iJ ) 

= P(1 ~P) 

where the third equality uses the fact that except when k=j and r = /, X t ^ and X rJ are 
independent and thus have covariance equal to 0. Hence, from part (a) and the preceding 
we obtain that for i ^ j. 


p(D h Dj )= 


P(\~P) = 1 

(n-l)p(l- p) n-l 
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48. 


⑻ E[X] = 6 


(b) £[z|7=l] = l+6 = 7 


(c) 


: --+3( 

4 

2 I + 4flT 

1 剛 

5 5 l 

,5) 

5 {5) 

[5) {5) 


(5 + 6) 


49. Let Ci be the event that coin i is being flipped (where coin 1 is the one having head 
probability .4), and let Tbe the event that 2 of the first 3 flips land on heads. Then 

f(C| | 乃 - P(T\ Cl )P( Cl ) 

p(r|c 1 )p(c 1 ) + J p(r|c 2 )p(c 2 ) 

= 3(.4) 2 (.6) = 395 

3(.4) 2 (.6) + 3(.7) 2 (.3)' 


Now, with Nj equal to the number of heads in the final j flips, we have 
£[Mo|71 = 2 + £[^V 7 |7] 

Conditioning on which coin is being used, gives 

£[A^v I 7] = £[A^ 7 | TCi]P{C{T) + 五 [^V 7 rC 2 ]P(C 2 1 7) = 2.8(.395) + 4.9(.605) = 4.0705 
Thus, E[N W I 7] = 6.0705. 

50. fx\r(x\y) = -- - -- = le _JC ’ y , 0<x<oo 

\e~ x ' y e- y lydx J 
0 


51. 


Hence, given Y=y 9 X is exponential with mean y, and so 


E[X 2 \Y=y] = 2y 2 

fx\r(x\y) = -y~ ~ = 丄 . 0 <x<y 
^e~ y I y dx 
0 


£[X 3 |r = y]= JV 

0 


—dx= y 3 /4 

y 


52. The average weight, call it E[W] 9 of a randomly chosen person is equal to average weight of 
all the members of the population. Conditioning on the subgroup of that person gives 

E[W] = ^ member of subgroup /] p t = 

i=l i=l 
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53. Let X denote the number of days until the prisoner is free, and let I denote the initial door 
chosen. Then 

E[X\ =E[x\l= 1](.5) +E[x\l= 2](.3) + E[x\l= 3](.2) 

= (2 + £[Z])(.5) + (4 + £[X])(.3) + .2 

Therefore, 

E[X\ = 12 


54. 


Let Ri denote the return from the policy that stops the first time a value at least as large as i 
appears. Also, let X be the first sum, and let p t = P{X = /}• Conditioning on X yields 


£[/? 5 ] = 

i=2 

12 

= E[R 5 )(p 2 +P3+P4) + ^iPi -Ipi 


—E[R 5 ] + 5(4/36) + 6(5/36) + 8(5/36) + 9(4/36) + 10(3/36) + 11(2/36) + 12(1/36) 
36 


36 


E[R 5 ] + 190/36 


Hence, E[R 5 ] = 19/3 - 6.33. In the same fashion, we obtain that 

E[R 6 ] = — £[/? 6 ] + — [30 + 40 + 36 + 30 + 22+ 12] 

36 36 

implying that 

E[R 6 ] = 170/26 - 6.54 

Also, 


15 


™=—£[/? 8 ] +—(140) 
3o 3o 


or, 

邮 8 ] = 140/21=6.67 
In addition, 


£[/? 9 ] =■£[&] + 士(1 00) 


£[/? 9 ] = 100/16 = 6.25 
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62. The result is true when n = 0, so assume that 
P{N{x)>n}=x n l{n-\)\ 

Now, 

l 

P{N(x) >n+ 1} = J P{N(x) >« + 1|^ = y}dy 
0 

=]p{A^(x-y)>n}^ 

0 

= jp{N(u)>n}du 
0 

=J u n ~ l /(n -1)! du by the induction hypothesis 
o 

= x n ln\ 

which completes the proof. 


(b) E[N(x)] = ^ P{N(x) >n = ^ P{N(x) >n + \} = ^x n I n\= e x 

n=0 n=0 n=0 

63. (a) Number the red balls and the blue balls and let X t equal 1 if the red ball is selected and 

let it by 0 otherwise. Similarly, let Yj equal 1 if the j ，th blue ball is selected and let it be 0 
otherwise. 


Now, 


E[X,] = E[Yji = 

12/30 




E[XiYj\ = 尸 {red ball i and blue ball j are selected}= 

Q 

Thus, 

I 

丫 28) 




Cov(X, Y) = 80 

iUJ/ 

U(12/30) 2 

= -96/145 
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(b) E[XY\XI= XE[y\X]= X(12 - X)8/20 

where the above follows since given X, there are 12-X additional balls to be selected from 
among 8 blue and 12 non-blue balls. Now, since X is a hypergeometric random variable 
it follows that 

E[X\ = 12(10/30) = 4 and E[X 2 ] = 12(18)(l/3)(2/3)/29 + 4 2 = 512/29 
As E[Y] = 8(12/30) = 16/5, we obtain 

E[XY] = |(48-512/29) = 352/29, 
and 

Cov(X, Y) = 352/29 - 4(16/5) = -96/145 

64. (a) £[X] = £[Z| type l]p + £[x|type 2](1 -p)=pjUi + (1 - p)Mi 

(b) Let/be the type. 

E[x\n=ju I , Var(z|/)= 

Var(Z)= E[(j^] + \ai(ju 1 ) 

=pof+(l- pW 2 + + (1 _ p)ju 2 2 - [m +(1- p)u 2 f 

65. Let X be the number of storms, and let G(B) be the events that it is a good (bad) year. Then 

£[Z] = E[X\ G]P(G) + £[X| B]P(B) = 3(.4) + 5(.6) = 4.2 
If 7 is Poisson with mean A, then £[7 2 ] =/i + A 2 . Therefore, 

E[X 2 ] = E[X 2 \ G]P(G) + E[X 2 \ B]P(B) = 12(.4) + 30(.6) = 22.8 
Consequently, 

Var ⑻ = 22.8-(4.2) 2 = 5.16 

66. E[X 2 ] = ^{E[X 2 \y = 1] + E[X 2 \Y - 2] + E[X 2 \Y = 3]} 

= ^{9 + E[(5 + X) 2 ] + E[(7 + X) 2 ]} 

=^[83 + 24E[X] + 2E[X 2 ]} 

= i{443 + 2£[Z 2 ]} since E[X] = 15 
Hence, 

Var ⑻ = 443-(15) 2 = 218. 
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67. Let denote the fortune after n gambles. 

E[F n ] = E[E[F n \ F n ^]] = E[2(2p- l)F n _ lP + - (2p - l)F n ^] 

= (l+(2p-lf)E[F n . l ] 

= [l+(2p-l) 2 ] 2 E[F n _ 2 ] 

= [l+(2p-\) 2 TE[F 0 ] 


68 . 


⑷ ,6e~ 2 + ,4e~ 3 

2 3 ^ _ 3 3 3 

⑻ .6e~ 2 ^ + Ae ^7 


(0 P{3|0} = ^.^| + ' 4e " V ^ 


尸 {0} 


.6e~ z +.4e~ 


69. 


⑻丄 

i 2 

(b) jff 办丄 

I 3! 96J 96 16 




(c) 


e- x e~ x dx 


n 

3^~81 


70. ⑻ j pdp:l/2 

0 

1 

(b) jp 2 dp ^1/3 


7i. p{x=i} = j>{x= 叫 P }dp = jrWa- pr'dp 


{n + \)\ 


= l/(n + l) 
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72. (a) P{N>i} = jp[N>i\p}dp^j(l-py~ l dp^l/i 

0 0 

(b) P{N = i}=P{N>i}-P{N>i+l}= —i- 

«0+l) 


(c) E[N]= ^P{N>i}^^l/i^^. 

i=l i=l 

73. (a) £[/?] = E[E[R 15]] = £[5] = // 

(b) Var(/? 15 1 ) = 1, £[/? 15] = S 
Var(/?) = 1 + Var(5 , ) = 1 + o 2 

(c) f R (r) = 

=cJV (” )2/2a V (r _ s)2/2 冶 

=^J ex p{-[ 5 - / ^-]/ 2 f 1 ^]} ds e xp{-(ar 2 + br)} 


Hence, R is normal. 

(d) E[RS] = E[E[RS \ 5]] = E[SE[R 15]] = £[5 2 ] =//+ o 2 
Cov (R, S)=j^ + O l -// = a l 


75. Xis Poisson with mean A = 2 and Y is Binomial with parameters 10, 3/4. Hence 

(a) P{X+ Y=2} = P{X=0)P{Y =2} + P{X= 1}P{Y= \} + P{X = 2}P{Y =0} 
=e _2 M(3/4) 2 (l/4) 8 + 2e~ 2 f(3/4)(1 /4) 9 + 2e ~ 2 (1 / 4) 10 


(b) P{Z7=0} =P{Z = 0} +P{7 = 0}-P{Z=7 = 0} 
=e~ 2 + {\!A) W - e~\\IA) w 


(c) E[XY] = £[Z]£[7] = 2 • 10 • - = 15 

-.- 4 
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E[e ,x+sY ] = jje tX+sY f(x,y)dydx 

or by noting that Y is exponential with rate 1 and, given F, X is normal with mean Y and 
variance 1. Hence, using this we obtain 

E[e tX+sV \Y] = e sY E[Ef x \Y]= e sY e Y,+,2 ' 2 

and so 

E[e tX+sY ] = e ,2,2 E[e (s+,)Y ] 

=e t2 ' 2 (l-s-t)~ 1 ,s + t< 1 

Setting first s and then t equal to 0 gives 

E[e ,x ] = e ,2,2 (l-ty\ t< 1 
E[e sr ] = (1- 5)" 1 , 5 < 1 

Conditioning on the amount of the initial check gives 

£[Retum] = £[Retum I A]/2 + fifReturn | B]/2 

= {AF(A) + B[\ - F(A)]}/2 + {BF(B) +A[l- F(B)]}/2 
={A + B + [B -A][F(B)- F(A)]}/2 
> (A + B)/2 

where the inequality follows since [S - A] and [F(B) - F(A) both have the same sign. 

(b) If x< A then the strategy will accept the first value seen: ifx>B then it will reject the 
first one seen; and if x lies between A and S then it will always yield return B. Hence, 


B 

^[Retum of ^-strategy] = ^ + 


if A < x < B 
otherwise 


(c) This follows from (b) since there is a positive probability that X will lie between A and B. 
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79. Let Xi denote sales in week i. Then 
E[X x +X 2 ] =80 

Var(Xi+X 2 ) = Var(X0 + Var(X 2 ) + 2 Cov(Xi, X 2 ) 

= 72 + 2[.6(6)(6)]=93.6 

(a) With Z being a standard normal 

—) + 勞） 

= P(Z> 1.034)^.150 

(b) Because the mean of the normal X\ + X 2 is less than 90 the probability that it exceeds 90 
is increased as the variance of X\ + X 2 increases. Thus, this probability is smaller when 
the correlation is .2. 


(c) In this case, 

P(X l +X 2 >90)= p[z> 


90-80 


V72 + 2[.2(6)(6>] 
P(Z> 1.076)-.141 
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Theoretical Exercises 

1. Let ju= E[X\. Then for any a 

E[(X-af = E[(X -// + // -a) 2 ] 

=E[(X-ju) 2 ] +(ju~a) 2 + 2E[{x- //)(//-a)] 

= E[(X-juf] +(ju-af + 2(ju-a)E[(X-ju)] 

= E[(X-jU ) 2 + (M~a ) 2 

2. £[ IZ- a I = J (a- x)f(x)dx+ | (x-a)f(x)dx 

x<a x>a 

= aF(a)~ J xf{x)dx+ J xf(x)dx-a[l-F(a)] 

Differentiating the above yields 

derivative = 2af(a) + 2F{a) - af(a) - af(a) - 1 

Setting equal to 0 yields that 2F{a) = 1 which establishes the result. 

3. E\g{X,Y)\ = ]p{g{X,Y)>a}da 

0 

°° gu.y) 

=J J I fix, y)dydxda = J J J daf(x,y)dydx 

0 : c ， y: 0 

g(x,y)>a 

=^8^y)dydx 

4. g(X) = g(M) + /mx-JU) + g 〃⑽ (X ~ 2 M) + ■■■ 

-g(M) + g \mx -")+ (x ;") 2 

Now take expectations of both sides. 

5. If we let X k equal 1 if A k occurs and 0 otherwise then 

x=f,x k 

k=l 

Hence, 

E[X]=f j E[X k ] = f j P(A k ) 

k=l k=l 

But 

E[X]=f j P{X>k} = f j P(C k ). 

k=l k=l 
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E[X\ = |P{X > t}dt > Jp{7 > t}dt = E[Y] 

0 0 

(b) It is easy to verify that 

X^> st r and r> st X" 

Now use part (a). 

Suppose X > st Y and/is increasing. Then 
nz •⑻ 〜卜尸卩 〉/- 1 ⑻ } 

>P{Y>f\a)} sincex& r 
^P{f(Y)>a} 

Therefore,/(X) > st f(Y) and so, from Exercise 7, 

E\f(X)]>E\f(Y)]. 

On the other hand, if E\f(X)] > E\f(Y)] for all increasing functions/, then by letting/be the 
increasing function 



then 

P{X >t}= E\J{X)]> E\f(Y)] =P{Y>t} 
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9. 


Let 



if a run of size k begins at the j ，th flip 
otherwise 


Number of runs of size k= ^ I. 


^[Number of runs of size k= E 




= P(h = D + = l)+ p(i „_ k+1 = r) 

7=2 

= /(l -p) + (n-k- 1)/(1 -pf + p\\ -p) 


Hence, 


k / n 


11. Let 


=kin 


11 outcome j never occurs 
10 otherwise 


ThenX= Y j I j and£[Z]= j (1-^.)" 


12. For X having the Cantor distribution, E[X] = 1/2, Var(X) = 1/8 

13. Let 

fl record at j 
3 10 otherwise 




=!>[/)] = ^P{Xj is largest of'”.,，#: 


Var(|：/,) = | ： Var(/,)^1(1-- 
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15. 


ju= ^Pi by letting Number = where X t = 


i is success 


Var(Number) = ^ p t (1 - p t ) 

i=i 

maximization of variance occur when p t = /uln 

minimization of variance when p t = 1， / = 1, … ， [//] ， p^+i = ju- [ju] 

To prove the maximization result, suppose that 2 of the p t are unequal — say p t ^ pj. Consider 

_ _ Pi + p ： 

a new p-vector with all other p k ,k* ij, as before and with p t = p - -——-—— .Then in the 
variance formula, we must show 

2 [ P ， 2^ ； ) _ Pi 2^ ) ~ Pi ^ _ A ) +P]{1 ~ Pj) 
or equivalently, 

pf + P 2 j - 2 PiPj = (Pi - Pjf ^ 0 - 
The maximization is similar. 

16. Suppose that each element is, independently, equally likely to be colored red or blue. If we 
let X t equal 1 if all the elements of A t are similarly colored, and let it be 0 otherwise, then 

is the number of subsets whose elements all have the same color. Because 


E \i x ]=i E [ x i]=i 2 ^ 2 ^ 1 

[_ i=\ 」 i=\ i=\ 

it follows that for at least one coloring the number of monocolored subsets is less than or 
equal to ^^(1/2)^'I -1 


17. + (1 - A)X 2 ) = + (1 - X) 1 ^ 

- 77 ( ) = - 2(1 - X)a^ = 0 =^/ 1 = f 1 y 

CLA (Jj + (7^ 

As Var(/lXi + (1 - A)X 2 ) = + (1 — X)X 2 - //) 2 ] we want this value to be small. 
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18. (a. Binomial with parameters m and P t + Pj. 

(b) Using (a) we have that Var(^- + Nj) = m(P, + P 7 )(l - P t - Pj) and thus 
m(Pi + Pj){\-Pi-Pj) = mP i (l-P i ) + mPj(l-Pj) + 2 Coy(N h Nj) 

Simplifying the above shows that 
Co\(N h Nj) = -mPiPj. 

19. Cov(X +Y,X-Y) = Cov(X, X) + Cov(X, -Y) + Cov(F,X) + Cov(F, -Y) 

=Var(X)- Cov(X, Y) + Cov(F, X) - Var(Y) 

= Var(X)-Var(Y) = 0. 

20. (a) Cov(X, 7|Z) 

=£[X7 - £[X|Z]7- XE[Y \z\ + E[x\Z\E[ y\z\ [Z] 

= e[xy\z]-e[x\z\e[y\z]-e[x\z\e[y \z\+e[x\ z\e[y\z\ 

= E[Xy\z\-E[x\z\E[y\z] 

where the next to last equality uses the fact that given Z, £[x|z] and £[y|z] can be 
treated as constants. 

(b) From (a) 

£[Cov(Z, Y\Z)] = E[XY]~ E[E[X\ Z\E[y\z\] 

On the other hand, 

Cov(£[Z \z],E[y\z\ = E[E[X\Z]E[y\z\]~ E[X]E[Y] 
and so 

£[Cov(X, Y\Z)] + Cov(E[X\ z\,E[y\z\) = E[XY]~ E[X]E[Y] 

=Cov(X, Y) 

(c) Noting that Cov(X, x\Z) = Var(x|z) we obtain upon setting Y = Z that 

Var(Z) = £[Var(z|Z)] + Var(£[z|z]) 
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21. (a) Using the fact that/integrates to 1 we see that 

l 

c(n, i) = J x l ~ x (1 - x) n ~ l dx = (i — l)!(n — i)\ln\. From this we see that 
o 


E[X (i) ] = c(n + 1， / + l)/c(n 9 i) = H{n + 1) 

/(/ + 1 ) 


E[X^] =c(n + 2, / + 2)/c(n, i ) : 


(n + 2)(n + l) 


and thus 


Var(X (0 )= 


i(n + l-i) 
(n + lf(n + 2) 


(b) The maximum of i(n + 1 — /) is obtained when i = (n+ 1)/2 and the minimum when i is 
either 1 or n. 

22. Cov(X, Y) = b Var(X), Var(y) = b 2 Var(X) 

n _ b\ar(X) _b 
’ ^Var(X) H 

26. Follows since, given X, g(X) is a constant and so 

£[g(Z)7|z]=g(Z)£[7|z] 

27. £[zy] =£[£[X7|z]] 

= £[X£[y|z]] 

Hence, if E[Y \ X]= 五 [7], then _E[XF] = £[Xj£[y], The example in Section 3 of random 
variables uncorrelated but not independent provides a counterexample to the converse. 

28. The result follows from the identity 

E[XY] = E[E[XY IX]] = E[XE[y\x\] which is obtained by noting that, given X, X maybe 
treated as a constant. 

29. :^ 五阳十 ... +X„|Xi + ... + X n = x] =E^X 1 \'^X i ^ xj +... + E^X n \'^X i ^ xj 

= nE[x i \^X i ^x] 

Hence, E[X x \ x x + ... + X n = x\= xln 
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32. E[XI a ]^ E[XI a |A]P(A) + E[XI a \A c ]P(A c ) 

^E[X\A]P(A) 


34. (a) E[T r \T r ^ = T r _, + 1 + (1 - p)E[T r ] 

(b) Taking expectations of both sides of (a) gives 
E[T r ]=E[T r . l ] + l + (l-p)E[T r ] 
or 

E[T r ] = -+-£[r^3 
p p 
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(c) Using the result of part (b) gives 

E[T r ] = - + -E[T r _ x ] 

= u 卜丄吼 _ 2] ] 

p pyp p ) 

= l/p + (l/p) 2 + (l/p) 2 E[T r _ 2 ] 

=1/p + (1/p) 2 + (1/p) 3 + (VpfE[T r _ 3 ] 

=J J (l/py+(ypYE[T 0 \ 

i=l 

= ^(1/pY since E[T 0 ] = 0. 

i=l 

35. P(Y>X)^YjP(Y>x\x^j) Pj 
^^P(Y>j\x^j) Pj 

j 

='ZP(Y>j)p j 

j 



40. Let/ equal 1 if the first trial is a success and 0 if it is a failure. Now, if /= 1, then X= 1; 
because the variance of a constant is 0, this gives 


Var(X|/ = l) = 0 


On the other hand, if / = 0, then the conditional distribution of X given that / = 0 is the same 
as the unconditional distribution of 1 (the first trial) plus a geometric with parameter p (the 
number of additional trials needed for a success). 

Therefore, 

Var(z |/ = 0) = Var(l + X)^ Var(X) 

Consequently, 

五 [Var(X |/)] = Var(X |/ = l)P(7 = 1) + Var(x |/ - 0)P(/ = 0) 

By the same reasoning used to compute the conditional variances, we have 

£[X|/ = 1] = 1, £[X|/ = 0] = 1 + £[X] = 1 + 丄 

which can be written as 


Yar(E[x\l]) = -^Yar(I) = -^p(l-p) = ^ 

v 7 P P P 

The conditional variance formula now gives 

Var(X) = £ ： [Var(x|/)] + Var(£ ： [x|/]) 

= (l-p)\ar(X) + ^—^- 
P 


41. (a) No 


(b) Yes, since/y(x |/= 1) =Mx) =M~x) =fy(x |/ = 0) 


⑹ Mx) = y/ x (—^ = / x W 


(d) E[XY]= E[E[XY\X\]= E[XE[Y |X|] = 0 


(e) No, since X and Y are not jointly normal. 
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E[X n ] = E[E[X n I X„_!]] = EljuX^] = 
so, 

E[X n ] = juE[X n _ x ] = ^E[X n _ 2 ] ... = J^E[X 0 ]=^ 

(c) Use the above representation to obtain 

E[X n \x„_ l ]= juX n _ u Var(X„ \x„_ 1 )= 

Hence, using the conditional Variance Formula, 

Var(X„) = // Vard) + o 2 ， 1 

(d) ;r= 尸 {dies out} 

=^P{diesout|x ( . =7}^. 

J 

= Pj ， since each of the j members of the first generation can be thought of as 

j 

starting their own (independent) branching process. 

46. It is easy to see that the derivative of ^ (t 2 /2) 7 / j\ will, when evaluated at ^ = 0, equal 0 

7=0 

whenever n is odd (because all of its terms will be constants multiplied by some power of t). 

d n 

When n = 2j then* derivative will equal —- {t n }/(j !2 7 ) plus constants multiplied by powers 
dt n 

of t. When evaluated at 0, this gives that 
E[Z 2j ] - (2;)!/(/!20 
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47. Write X= c& + ju where Zis a standard normal random variable. Then, using the binomial 
theorem, 

E[X n ]= 客办赋广 

Now make use of theoretical exercise 46. 

48. 働： E[e tY ] = E[e t(aX+b) ] = e tb E[e taX ] = e tb _) 

49. Let Y = log(X). Since Y is normal with mean // and variance o 2 it follows that its moment 
generating function is 

M(t) = E[e ,Y ] = 

Hence, since X = e Y , we have that 
E[X]=M(l)= e^ n 
and 

E[X 2 ]=M(2)= 

Therefore, 

Var(Z)= e 1 〆-e 2 ^ = e 2 " +a2 (e〆 _ 1) 


50. yAt) = log <p(t) 

¥ r if) = _軌 

( £ [ 幻 ) 2 =Var(Z). 

51. Gamma (n, A) 

52. Let (Us, f) = E[e sX+,Y ] 

d 2 


dsdt 






,=o=£[X ]， -^s,t)l =0 ^E[Y] 

t=0 Ot t=0 
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P{0<X<40} = 1-P{|X-20| >20}> 1 - 20/400 = 19/20 

⑻ P{X>85} < £[X]/85 = 15/17 

(b) P{65<X<85) = 1-P{ |z-75| > 10} > 1 -25/100 


so need « = 10 


Let Z be a standard normal random variable. Then, 


P gX./n-75 >5 -P{ |z| > V^}<.1 when n = : 


(a ) 尸艺 & >15 卜 20/15 


(b) P £^.>15 =P £^.>15.5 


= P{Z>-1.006} 
- .8428 


5. Letting X t denote the roundoff error it follows that j = 0, 

Var^^Z,. j = 50 Var(Xi) = 50/12, where the last equality uses that .5 + Zis uniform (0, 1) 
and so Var(X) = Var(.5 +X) = 1/12. Hence, 

p| > 3 } « P{ I 釋 ) ， 1) I > 3(12/50) 1/2 } by the central limit theorem 
= 2P { 卿 , 1)> 1.47 = .1416 

6. If Xi is the outcome of the roll then E[X t ] = 7/2 Var(X,) = 35/12 and so 

<30o| = p[2^i ^300.5| 


300.5-79(7/2) 

(79x35/12) 1/2 


P{A^(0,1)<1.58} = .9429 
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1 100 1 f 525 — 500 I 

>525 卜 p|a^(0,1)>-j=^—I = P{jV(0,l)>.5} = .3085 

where the above uses that an exponential with mean 5 has variance 25. 

8. If we let X t denote the life of bulb i and let R t be the time to replace bulb i then the desired 

1 100 99 1 

+ <5501. Since + has mean 100 x 5 + 99 x .25 = 

/=i / =i J 

524.75 and variance 2500 + 99/48 = 2502 it follows that the desired probability is 
approximately equal to P{A^(0, 1) < [550 - 524.75]/(2502) 1/2 } = P{A^(0,1) < .505} = .693 
It should be noted that the above used that 

\ar(Rd = Var^Unif[0,l]j = 1/48 
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12. Let Li denote the life of component i 




= 1000,-50(101)= 1505 


f 100 \ 100 / - \2 1 100 

)-l[^r 0 ) =(100) 2 + (100)(101) + -X^ 

Now apply the central limit theorem to approximate. 

13. (a) P{X > 80} = 15/7| - PPZ> 2.14} - .0162 


(b) P{7>80} = P-^y^>24/7| -P{Z> 3.43} - .0003 


(c) Using that SD(Y-X) = 096/64 + 196/25 - 3.30 we have 

P{Y-X>22} = P{F-X}/3.30> 2.2/3.30} 

-P{Z>.67}-.2514 

(d) same as in (c) 

14. Suppose n components are in stock. The probability they will last for at least 2000 hours is 
、 ’ 2000-100^1 


p= >2000Upjz>- 


30V^ 


where Z is a standard normal random variable. Since 

.95= P{Z> -1.64} it follows that p > .95 if 

2000 -励 … 

30Vn 

or, equivalently, 

(2000 - 100n)/<-49.2 
and this will be the case ifn> 23. 


if 


X ( . >2,700,000 - P{Z> (2,700,000 - 2,400,000)/(800 - 100)} = P{Z> 3.75} - 0 
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16. 


(a) Number AJ’ s jobs, let X, be the time it takes to do job /, and let X A =^=be the time 
that it takes AJ to finish all 20 jobs. Because 

E[X a ] = 20(50) = 1000 ， Var(X A ) = 20(100) = 2000 


the central limit theorem gives that 


P{X a <900} = P 


X 厂 1000 〆 

V2000 _ 


900-1000] 

V2000 j 


= P{Z<-2.236} 

= 1-0(2.236) = .013 


(b) Similarly, if we let be the time that it takes MJ to finish all of her 20 jobs, then by the 
central limit theorem is approximately normal with mean and variance 

E[X m ] = 20(52) = 1040 ， Var(X M ) = 20(225) = 4500 


Thus 


P{X M <900} = P 



< 


900-1040] 
n/ 4500 j 


= P{Z<-2.087} 

= 1-0(2.087) = 0.18 


(c) Because the sum of independent normal random variables is also normal, D = X M - X A 
is approximately normal with mean and variance 


五 [D] = 1040-1000 = 40, 
Hence, 


Var(D) = 4500 + 2000 = 6500 


P{D>0} = P 


[P-40^ -40 ] 
[V6500 ~ V6500 J 


P{Z>-.4961} 
0(.4961) = .691 


Thus even though AJ is more likely than not to finish earlier than MJ, MJ has the better 
chance to finish within 900 minutes. 
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Theoretical Exercises 


2 . 


This follows immediately from Chebyshev’s inequality. 


P{D>a}^P{\x-ju\ >aju} < 



3. 


⑻嘗办 


4. 


5. 


⑻ 


np 

yjnp{\ - p) 




(c) answer = 1 


⑹ 


1/2 

會 12 


=V3 


(e) answer = 1 
(d) answer = \ju\/(7 


For £*>0, let 8 > 0 be such that | g(x)- g(c) \ <8 whenever U-c| < 
that |g(x) I <B. Then, 

艰 (z " )] = 

<(f+g(c))P{|z„-c| <S}+BP{\z n -c\ >S} 

In addition, the same equality yields that 

E[g(Z n )]>(g(c)-£)P{\z n -c\ <S]-BP{\z n -c\ >S\ 

Upon letting ^ ^ oo , we obtain that 

lim sup E\g{Z n )] < g(c) + £ 
lim inf £[g(Z„)] > g(c) - £ 

The result now follows since sis arbitrary. 

Use the notation of the hint. The weak law of large numbers yields that 
lim 尸 {1(4 +... + X n )/n-c\>£} = 0 

n— 丨 I 


Since X\+ ... + X n is binomial with parameters n 9 x, we have 


The result now follows from Exercise 4. 


Also, let B be such 
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Problems and Theoretical Exercises 

1. (a) P(2 arrivals in (0, s) \ 2 arrivals in (0, 1)} 

=P{2 in (0, s), 0 in (s, l)}/^A 2 /2) 

= [e-\Asfl2\ [e- (l - s) ^l{e- x X 2 l2) =s 2 = 1/9 when ^ = 1/3 

(b) 1 - 尸 {both in last 40 minutes) = 1 - (2/3) 2 = 5/9 

2. 严 

3. 严 + _)严 

8. The equations for the limiting probabilities are: 

lie = .7IL + 4IL + .211^ 

IL = .2FL + .3IL + .4llg 
H g = lEL + .3IL + 4llg 
IL + IL + Ilg = i 
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The equations for the limiting probabilities are: 


Ilo = .8lIo + 4112 

rii = 2rio+ 6II2 
rL = 3 iii + .2113 
1I3 = -^rii + .8II3 
iio+rii+ il+ rt=i 

which gives 

Ilo = 4/15, 111 = II 2 = 2/15, Fb = 7/15. 

Since it rains today when the state is either 0 or 2 the probability is 2/5. 


10. Let the state be the number of pairs of shoes at the door he leaves from in the morning. 

Suppose the present state is /, where i > 0. Now after his return it is equally likely that one 
door will have i and the other 5 - i pairs as it is that one will have i - 1 ant the other 6 - i. 
Hence, since he is equally likely to choose either door when he leaves tomorrow it follows 
that 


Pi,i — P 1,5-1 - Pi,i-\ — P 1 , 6-1 =1/4 

provided all the states /, 5 - - 1, 6 - i are distinct. If they are not then the probabilities are 

added. From this it is easy to see that the transition matrix P ij9 ij = 0, 1, 5 is as follows: 


1/2 0 0 0 0 

1/4 1/4 0 0 1/4 

0 1/4 1/4 1/4 1/4 

0 0 1/2 1/2 0 

0 1/4 1/4 1/4 1/4 

1/4 1/4 0 0 1/4 


1/2 

1/4 

0 

0 

0 

1/4 


Since this chain is doubly stochastic (the column sums as well as the row sums all equal to 
one) it follows that 11/ = 1/6, i = 0, 5, and thus he runs barefooted one-sixth of the time. 

11. (b) 1/2 

(c) Intuitively, they should be independent. 

(d) From (b) and (c) the (limiting) number of molecules in urn 1 should have a binomial 
distribution with parameters (M, 1/2). 
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(a) After stage k the algorithm has generated a random permutation of 1, 2, k. It then 

puts element /:+ 1 in position k+\\ randomly chooses one of the positions 1, k+\ 

and interchanges the element in that position with element k+ 1. 

(b) The first equality in the hint follows since the permutation given will be the permutation 
after insertion of element k if the previous permutation is iu … ， ij-u U ij, … ， 4-2 and the 
random choice of one of the k positions of this permutation results in the choice of 
position j. 

Integrating the density function yields that that distribution function is 


F(x) = 


e lx /2 , 
\-e~ 2s 12, 


x>0 

x>0 


which yields that the inverse function is given by 


! _ log(2w)/2 ifw<12 

W = -log(2[l-w])/2 ifw>l/2 


Hence, we can simulate X from i 7 by simulating a random number U and setting X = F~ l (U). 

The distribution function is given by 

x 2 /4-x + l, 2 < x < 3, 

F(x)= 2 

x-x 2 /U-2 9 3<x<6 

Hence, for u < 1/4, 厂 1 ⑻ is the solution of 

x 2 /4-x+ l = u 

that falls in the region 2<x<3. Similarly, for u > 1/4, ^(u) is the solution of 
x — x^/ 12 — 2 = w 


that falls in the region 3<x<6. We can now generate X from i 7 by generating a random 
number U and setting X = 

Generate a random number U and then setX = 厂 'C/). If C/ < 1/2 then X = 6U- 3, whereas if 
U> 1/2 then X is obtained by solving the quadratic 1/2 + X 2 /32 = [/ in the region 0 < X < 4. 
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9. (a) Simulate X t from F u i = 1, 2. Now generate a random number U and set X equal to X\ if 

U<p and equal to X 2 ifU>p. 

(b) Note that 

F(x)= ^iW + |f 2 (x) 


where 

F x (x) = 1 x>0, F 2 {x)=x, 0<x< 1 

Hence, using (a) let Uu C/ 2 , C/ 3 be random numbers and set 

_ -logCC/^/Sif C/ 3 <l/3 
~ U 2 if C/ 3 >l/3 


where the above uses that -log(C/i)/3 is exponential with rate 3. 

10. WithgW:；!^ 


f(x) 2e~^ n 2 


gO) _ ?i{2ni n e~ lx ~ X{2jr) yi 
^-^expf-U-A) /2} 


exp{-[(x - A) 2 - A 2 ]/2} 


Hence, c = 2e x1 ' 2 / [A(2^) 1/2 ] and simple calculus shows that this is minimized when A= 1. 

11. Calculus yields that the maximum value off(x)/g(x) = 60x 3 (l - x) 2 is attained when x = 3/5 
and is thus equal to 1296/625. Hence, generate random numbers U\ and C /2 and setX= U\ if 
U 2 <3l25U^(l-U x ) 2 /108. If not, repeat. 

12. Generate random numbers Uu … ， U n , and approximate the integral by [k(U{) + ... + k(U n )]/n. 

1 

This works by the law of large numbers since E[k(U)] = J k(x)dx . 

0 


16. E[g(X)/J{X)] = j [g(x)/f(x)]f(x)dx = j g{x)dx 
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